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Aplicacoes de eletronica de poténcia usam esquemas de compensacao harmonica
para melhorar as distorgoes de baixa frequéncia, usualmente harmonicos da
frequéncia fundamental menores ao vigésimo primeiro, causadas por cargas nao lin-
eares e tempo morto inserido no padrao de comutacao. Poucos métodos analiticos
foram propostos para entender os efeitos do tempo morto, e eles se concentraram
principalmente em amplificadores de classe D, o que leva a expressoes analiticas com-
plexas. Este estudo propoe uma abordagem analitica que permite o entendimento
dos principais componentes harmonicos da tensao de saida de inversores PWMcom
sinais moduladores de multiplas frequéncias (fundamental e harmonicos). A abor-
dagem analitica proposta é baseada em uma analise dupla da série de Fourier e
focada no espectro das baixas frequéncias. Todas as premissas tedricas sao vali-
dadas usando o simulador de transientes eletromagnéticos PSCAD™ | EMTDC™.
Os resultados usando um inversor de fonte de tensao monofasico mostraram que é
possivel criar um modelo matemaético eficiente com desempenho até cento e trinta
vezes mais rapido que uma simulagao tradicional de conversor eletronico de poténcia.
Além disso, usando a abordagem analitica proposta, é demonstrado que os efeitos
do tempo morto sao independentes da existéncia de harmonicos de frequéncia fun-
damental no sinal do modulador. No entanto, o tempo morto afeta um harmonico

injetado se este for um harmonico de ordem inteira impar da frequéncia fundamental.
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Several power electronic applications use harmonic compensation schemes to
improve the low-frequency distortions, usually fundamental-frequency harmonics
smaller than twenty-first, caused by nonlinear loads and dead-time inserted into
switching patterns. Few analytical methods have been proposed to understand the
effects of dead-time, and they have focused mostly on Class-D power amplifiers,
which leads to cumbersome analytical expressions. This study proposes an analyti-
cal approach that allows for the understanding of the principal harmonic components
of the output voltage of PWM inverters with multiple-frequency modulator signals
(fundamental and harmonics). The proposed analytical approach is based on a
double Fourier-series analysis and focused on the low-frequency spectrum. All the-
oretical assumptions are validated by using PSCAD™ | EMTDC™ electromagnetic
transients simulator. Results using a single-phase voltage source inverter show that
it is possible to create an efficient mathematical model with performance up to one
hundred and thirty times faster than a traditional power electronic converter sim-
ulation. Additionally, using the proposed analytical approach, it is demonstrated
that dead-time effects are independent of the existence of fundamental-frequency
harmonics in the modulator signal. Nevertheless, dead-time affects an injected har-

monic if this is an odd integer order harmonic of the fundamental frequency.
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Chapter 1
Introduction

High power-quality applications using power electronic converters, such as high
power-quality inverters and rectifiers, must deal with the presence of low-frequency
distortions in voltage and current waveforms, usually fundamental-frequency har-
monics. Some of these harmonic distortions are already present in the electrical
network, especially in distribution levels, due to current disturbances created by
non-linear loads. Hence, employing Harmonic Compensation (HC) systems or ac-
tive filters is a common practice in these kinds of applications [1-4]. Moreover, the
harmonics injected by the controller lead to multiple-frequency modulator signals for
the Pulse- Width Modulation (PWM) technique. A typical power electronic inverter
application using PWM is shown in Figure 1.1.

The term, low-frequency, will be used in this document as a reference of the
fundamental-frequency harmonics lower than the switching-frequency. In practice
the magnitude of the current and voltage harmonics greater than thirteen are usually
neglected.

Low-frequency distortions also appear due to the dead time introduced in the
switching pattern to avoid short-circuits in Voltage Source Inverters (VSI) [5-11].
This distortion can lead to instability issues in some power electronics applications
[12], malfunction in sensitive equipment, over-sizing transformers, among other prob-
lems. Moreover, these low-frequency distortions are responsible for the power quality
degradation of the converter and increases the Total Harmonic Distortion (THD),
which can lead to fines on industrial applications. Thus, several dead-time compen-
sation techniques are proposed in the literature and implemented in industrial and
commercial systems.

The standard approach for harmonic analysis in a power converter that imple-
ments PWM is to use a Discrete Fourier Transform (DFT) on measured signals,
rather than an analytical solution to find the spectral components. The drawback of
using DF'T is that due to the usually large relationship between carrier and modula-

tor frequency on power electronic applications, this approach requires an extensive
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Figure 1.1 - Block diagram of a typical power electronic application.

sample-set to achieve good frequency resolution [7]. Hence, a small simulation time
step should be used, causing high-computational cost simulations that limit the
number of practical applications to study.

Few analytical methods have been proposed in the literature to understand the
effects of dead time, and they have focused mostly on Class-D power amplifiers for
radio and audio applications, where a full frequency-spectrum analysis is required.
An extensive review of these techniques is presented in Chapter 2. Unlike DFT, an
analytical solution provides a clear understanding of the influence of the system’s
parameters for each component of the frequency spectrum. Nevertheless, all of these
methods provide analytical frequency spectra but lead to cumbersome expressions
in order to describe the full frequency spectrum of the PWM signal with dead time.

In power electronics applications, the presence of low-pass output filters mini-
mizes the contribution of high-frequency components on the output voltage of the
power converter. Figure 1.2 depicts the outline of frequency spectra in different
stages of a power electronic application. Considering the high-frequency attenua-
tion of the output filter, it is possible to focus on the analytical low-frequency spec-
trum of power converter applications, including dead-time effects and a multiple-
frequency modulator. This proposed study avoids the need for high computational-
cost switched-simulations or cumbersome expressions for an analytical spectra.

This thesis proposes to use the double Fourier-series to develop the low-frequency
spectra of PWM inverters with dead time and multiple-frequency modulator signals.
This low-frequency approach successfully represents the principal dynamics of the
output-voltage in the power converter. Additionally, this study shows how dead-time
affects the frequency-components injected by multiple-frequency-modulator applica-

tions, e.g., harmonic compensation systems, active filter, multiple-frequency power
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Figure 1.2 - Outline of frequency spectra in a power electronic application.

supplies, among others.

This introductory chapter aims to present some fundamental concepts before the
development of the analytical frequency study. Nevertheless, it does not have the
objective to provide a full understanding of these fundamental concepts. Instead,
the main objective of this chapter is to establish the thesis scope, general aspects of
the phenomena under study, and the terminology used in the following chapters.

The structure of this chapter is as follows: Section 1.1 explains the motivation
and provides the research definition of this thesis. Section 1.2 explores the general
aspects of the PIWM schemes, inverter topologies, and the overall effects of dead

time in VSIs. Finally, Section 1.3 provides the general outline of this document.

1.1 Motivation and Research Scope

Single-frequency power electronic applications present small low-frequency distor-
tions in the output voltage waveform, and they are, in most cases, a consequence of
dead-time effects. This distortion means that even when the controller tries to syn-

thesize a pure single-frequency in the power inverter, due to the non-linear behavior



of dead time, the output voltage displays several odd harmonics of that fundamental
frequency. Although small in magnitude, these harmonic components degrade the
power quality of the equipment and can increase the THD above limits allowed by
industrial standards.

Working with high-power-quality applications usually leads to elaborate control
techniques in order to minimize THD. Some of these techniques involve voltage or
current harmonic compensation and can be applied to islanded or grid-connected
power converters. These control techniques deal with multiple-frequency in the
control effort signals. In PWM converters, this means multiple-frequency modulator
signals, e.g., a high-performance voltage controller for an Uninterruptible Power
Supply (UPS) inverter [4], and a voltage harmonic compensation for a synchronverter
that integrates wind and photovoltaic power [13], published by the author in 2015
and 2017, respectively.

Knowing that dead time creates harmonics of the fundamental-frequency in
single-frequency applications, it is straightforward to ask, what are the effects of
dead time in PWM inverters with multiple-frequency modulator signals? And how
can they be calculated? The initial research in this topic led to a fascinating and
extended research area, the analytical description of PWM spectra in power convert-
ers. Nevertheless, at the best of the author’s knowledge, these specific questions
have not been addressed yet. Thus, these were the questions that motivated this
thesis and defined the associated research. The research is focused on half- and
full-bridge converters with two- and three-level voltage topologies. As a summary of
this research, the main question and the primary research statement are presented

below.

1.1.1 Research Question

How to define a closed-form expression to determine the main effects of dead time

in PWDM inverters with multiple-frequency modulator signals?

1.1.2 Research Statement

The harmonic injected by the controller does not affect the frequency
distortions already created by the dead time. Nevertheless, dead-time
affects the injected harmonic if this is an odd integer order harmonic
of the fundamental frequency. This effect has a non-linear relationship
with the power factor of the load. Furthermore, it is inversely propor-
tional to the harmonic order; and proportional to the DC voltage with

a proportionality constant of four over pi squared.
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Figure 1.3 - Converter topologies: a) Two-level single-phase; b) Three-level single-
phase. The full-bridge topology in (b) can be used for two-level scheme by setting
S3 = S9 and s4 = s7.

This statement is mathematically demonstrated in the following chapters, and

several partial conclusions are obtained during this mathematical procedure.

1.2 Fundamental Concepts

This section describes the inverter topologies used in this work, the modulation
strategies, and the general description of the dead-time phenomenon. The main idea
is to introduce the name of each topology and modulation technique, as well as the
terminology of several parameters and variables that will be repeatedly mentioned

in the following chapters.

1.2.1 Converter Topologies

Converter topologies that change energy from or into Alternating Current (AC), nor-
mally involve more complex processes than those that solely involve Direct Current
(DC) [12]. These topologies usually use high switching-frequencies modulated by
low-frequency reference signals in order to achieve a high efficiency energy-conversion
[14]. There are several inverter and rectifier topologies, and this thesis is focused on

three of them, and they are listed below.

e Two-level single-phase.
Half-bridge.
Full-bridge.

e Three-level single-phase (full-bridge).

All converter topologies referred in this document are shown in Figure 1.3, and

they are detailed in Chapters 3 and 4. The output-filter shown in this figure is an
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Figure 1.4 - Example of a PWM waveform formed by a multiple-frequency modulator
signal.

LCL low-pass filter. This filter is typically used in grid-connected converter appli-
cations, but for the analytical study, it could be any other low-pass filter topology.
Additionally, Figure 1.3 shows the main converter parameters, as well as the voltage
and current measuring points. Those are key-elements to follow the mathematical

expressions presented in the following chapters.

1.2.2 Pulse Width Modulation Schemes

The way that switches are operated in a power converter is known as a modula-
tion strategy [12]. These strategies aim to generate an output signal that includes
the information of the desired low-frequency waveform into a high-frequency sig-
nal. These low- and high-frequency signals are known as modulator and carrier,
respectively [14]. This PWM waveform is generated by the interaction between the
carrier and modulator. The comparison between these signals can be made by two
conventional sampling methods, known as regular and natural sampling. Naturally-
sampled PWM performs an analog comparison between the modulating and the
carrier signals. Moreover, regular sampled PWM uses an ordinarily fixed-frequency
rate to take a sample of the modulator-signal value and later perform the comparison
of this sample with the carrier signal. PWM converters use both regular and natural
sampling. Therefore, both modulation strategies are considered in this thesis.

As mentioned earlier, there are two primary signals in a PWM scheme. The
first one is the carrier signal, which aims to transport the information presented
in a modulation signal through a more favorable frequency rate. The other one is
the modulator signal, which contains the desired waveform to be transported. This
principle is used in communication systems to take advantage of different kinds of
communication channels, such as air, wires, optical fiber, among others. In power
converters, the same principle is used to reduce the power losses by using the power

switches in the states where they are more efficient, i.e., on and off. Therefore,



a carrier signal commands the switching frequency of the power converter, and a
modulator signal modulates the pulse width of the rectangular output-signal. Thus,
this technique incorporates the desired waveform into a high-frequency switching
pattern; see Figure 1.4 as an example of a PWM formed by a triangular carrier and
a multiple-frequency modulator signal.

Despite the advantages of PWM, it generates a significant high-frequency dis-
tortion in the output voltage of PWM inverters [12]. This frequency distortion is
also present in low-frequencies when dead-time effects are considered in the power
converter [7, 10, 15]. These unwanted frequency-distortions depend on the selected
modulation scheme, and they are discussed in the following chapters. Consequently,
a general explanation of these modulation schemes is presented below to settle the

basis of the terminology used in the following chapters.

Naturally Sampled PWM

The naturally sampled PWM scheme performs an analog comparison of a modulator
and carrier signals to build the rectangular output waveform presented in Figure 1.5.
It can be seen in this figure that the direct interaction between carrier and modulator
signal commands the moments when the output waveform changes its state. This
kind of modulation scheme is named depending on the carrier waveform. The most
used carrier signals are trailing-edge sawtooth and triangular waveform. Each one
of these carrier signals describes a different kind of frequency spectrum in the PWM,
as shown in [12].

PWM waveform generated by natural sampling do not have any low-frequency
distortion [12]. Thus, it makes natural sampling well suited to modern (class-D)
audio amplifiers [15]. Nevertheless, this kind of system requires an analog imple-

mentation, which provides low flexibility.

Regularly Sampled PWM

One major limitation with naturally sampled PWM is the difficulty of its implemen-
tation in a digital modulation system because the intersection between modulator
and carrier is defined by a transcendental equation and is complicated to calculate
[12]. A popular alternative to overcome this limitation is to implement the modu-
lation system using a regular sampled PWM strategy, where the modulator signal
is sampled and then held constant during each carrier period [12, 15]. These sam-
pled values are compared to the carrier to create the PWM pattern, instead of the
continuously varying modulator.

Usually, the samples of the modulator are taken at either positive or positive /neg-

ative peaks of the carrier waveform, depending on the sampling strategy. For a saw-
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Figure 1.5 - Naturally sampled PWM schemes: a) Trailing-edge sawtooth carrier;
b) Falling-edge sawtooth carrier; ¢) Triangular or double-edge carrier.
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Figure 1.6 - Regular sampling PWM: a) Sawtooth carrier; b) Symmetrical sampling
with the triangular carrier (negative peak sampled); ¢) Asymmetrical sampling.

tooth carrier, sampling occurs at the end of the ramping period. For a triangular
carrier, sampling can be at either the positive or negative peak of the carrier and
held constant for the entire carrier interval; this is known as symmetrical sampling.
The other sampling strategy is to sample every half carrier interval at both pos-
itive and negative carrier peaks; this is known as asymmetrical sampling. These

modulation strategies are shown in Figure 1.6.

1.2.3 Dead Time in Voltage Source Inverters

Dead-time is a technique that holds in an open state both active switches of one
inverter-leg during a short interval to avoid short-circuiting the DC link of a VSIL.

This behavior introduces some distortions in the input and output voltage of the
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Figure 1.7 - Creation of the PWM pattern with dead time.

converter [5, 7, 8, 10, 11, 15, 16]. This technique is also referred in the literature as
delay time, dead zone, dead band, blank time, or blanking-time. This thesis always
refers to it as dead time. Additionally, there are some variations in the way to
implement this technique. Figure 1.7 presents the dead-time strategy studied in this
research. This figure shows a straightforward method to create the complementary
signals in PWM schemes, including the dead time. First, lets rename for a moment
the signal Sy as A, then by using a register buffer, it is possible to create the delayed
signal Ay. Now, by performing three simple Boolean operations, the complementary
signals S (practical and Sg(pmtm” can be calculated including secure dead-time zones
AT, and AT, as shown in the bottom part of Figure 1.7.

In order to explain dead-time effects in the voltage waveform, it is useful to
examine one phase-leg of a PWM inverter. Upper and lower switches in the phase-
leg are arranged by a power switch and a diode in an anti-parallel configuration.
Hence, when both power switches are open, the current has two possible paths to
flow, and the actual path it takes will depend on its direction. Figure 1.8 shows the
two possible commutations lead by the diodes during the dead time. It can be seen
in this figure that due to the current direction, the diodes can conduct even if the
power switch is open during the dead-time zones AT; and AT;. Furthermore, the
output voltage v,_ in the practical scenario now shows some gain and loss effects,
when comparing with the ideal output v,_.

The main objective of this thesis is to incorporate these two phenomena, gain
and [oss, into analytical frequency-spectra that can describe the output voltage of

the three VSI topologies presented earlier in section 1.2.1.
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Figure 1.8 - Dead-time effects in the output voltage of a VSI.

1.3 Thesis Outline

The structure of this thesis is as follows: Chapter 2, investigate the most remarkable
contributions in the research area. Later, Chapter 3 presents the development of the
analytical low-frequency spectra for one phase of a power inverter; Chapter 4 extends
the analytical spectra calculated in Chapter 3 to the single-phase inverter. Finally,
Chapter 5 presents the general conclusions of this thesis and highlight interesting

topics for future works in this area.

1.4 Conclusions

This chapter introduced the proposed study of the analytical low-frequency spectrum
in voltage source inverters. It carried out the contextualization of the area where this
thesis research takes place. Furthermore, the general description of the phenomenon
under study, as well as the research question and the main research statement was
presented.

Contributions of the author that motivated the research of this topic were pre-

sented in two conference papers [4, 13].
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Chapter 2
Review of Previous Research

The primary objective of this chapter is to examine the most notable analytical
techniques proposed by researchers to describe the frequency spectra in VSIs and
its application to the description of dead-time effects with multiple-frequency mod-
ulator signals. The initial research covered the period from 1878, english publication
of Fourier’s book ”"The Analytic Theory of Heat”, up to 2020 in several academic
databases; and allows the identification of ten key documents in the field of study.
All related documents cited in this chapter follow the numeric citation style used
so far; nevertheless, the key-documents are highlighted in this chapter by citing the
author’s name together with the reference number. Once a key-document was iden-
tified, all the references to it were tracked up to 2020. This citation-tracking takes
into consideration up to four thousand documents. These related citations were
filtered by key-word searching and a final stage based on a detailed abstract-review.
This two-stage-filtering methodology allowed to reduce from up to four thousand
documents to nearly seven hundred, and finally up to one hundred and fifty related
documents. Finally, the research reviewed in this chapter is based on thirty-eight of
the most correlated documents and their contributions to the field of the analytical
description of dead-time effects in multiple-frequency modulator applications.

This chapter is structured as follows: Section 2.1 focuses on dead-time effects
and the techniques to compensate them; Section 2.2 reviews the most well-known
analytical techniques to describe the PWM spectra; Section 2.3 explores the most
significant proposed methodologies that incorporate dead-time effects into the spec-
tra description; a summary of the state of the art is presented in Section 2.4; and

finally, Section 2.5 summarizes the main contributions of this chapter.
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2.1 Dead-time Effects and Compensation
Techniques in PWM Schemes

Dead-time delays can generate different kinds of unwanted collateral effects in the
voltage and consequently the current waveforms. The effects of dead time in the
voltage waveform of PWM VSIs were first deeply detailed by GRANT and SEID-
NER [16] in 1981 as part of their study on the modulation’s frequency-ratio in PWM
inverters. The most unwanted dead-time effect is the increase of harmonic distortion
and losses in the fundamental voltage waveform, as documented in [5-11, 17]. In
1987, EVANS and CLOSE [18] reported some significant qualitative conclusions on
the dead-time effects in power converters. Using simulation and experimental re-
sults, they inferred generalized curves which they claim allowed the design engineer
to estimate the amplitudes of harmonics generated by dead time.

One of the most significant concerns of researchers has been proposing methods
to compensate dead-time effects in the output voltage of VSIs [5, 9, 11, 17]. Tradi-
tional compensation methods can be classified into two main categories depending
on the way voltage error, due to dead time, is detected and compensated [11]. The
categories are: averaging theory and pulse-based compensation methods. The first
one compensates the voltage reference with the average voltage error over an entire
cycle. The second one compensates the voltage error within each PWM pattern.

Several variations of dead-time minimization effects have been proposed over the
years. The authors in [17] demonstrate that it is not necessary to insert dead time
for every switching period in order to avoid unnecessary dead-time delays. Using
this principle, some control algorithms were proposed to decide when to add dead
time [5, 17]. Another essential aspect reported by the authors is the use of control
algorithms to minimize dead-time effects. In [9], an output current feedback loop is
discussed and shown to reduce dead-time effects. In [19, 20], harmonic-compensation
schemes were implemented to minimize harmonics generated by dead time. In [21],
a pulse-based compensation method is proposed. Finally, MUNOZ and LIPO [22]
suggested one of the most common averaging compensation-method for a PWM
VSI

12



2.2 Analytical Frequency Description of PWM

Schemes

This section presents a chronological description of the development of the most
well-known technique to provide an analytical frequency description of the harmonic
components in a PWM inverter. Although this is not the only technique reported
in the literature, it is by far the oldest, most used and most documented method. It
is also the theoretical basis used by Chapter 3 to define the low-frequency spectrum

of a VSI with dead time and multiple-frequency modulator signal.

2.2.1 Black’s Method

In 1933, BENNETT [23] introduced the double Fourier-series to solve the frequency
spectrum of a half-wave diode-rectifier with a voltage input e(t) = P cos(pt + 6,) +
Q) cos(qt+6,). The output voltage in this case was formed by the positive lobes of the
input voltage with the negative lobes replaced by a constant zero interval. Bennet
shows that this kind of signal has the sufficient conditions to be represented as a
double arrangement of the Fourier series, i.e., a Fourier series were the magnitude of
the sine and cosine components are modulated by another periodic function. Thus,
an analytical expression of the frequency-spectrum can be defined.

Later, in 1953, BLACK [24] extends Bennet’s concept into communication sys-
tems in his book Modulation theory. It presents and evaluates the formal description
of the spectrum for a pulse-amplitude-modulated system using the double Fourier
integral-analysis. Using this concept, the most well-known analytical method for
determining the harmonic components of a PWM inverter was first developed by
BOWES and BIRD [25] in 1975. This method proposes the definition of a two-
variable function, F'(x,y), that is able to represent the carrier-modulator interaction.
Thus, a 3-D model can be studied using a double Fourier-series as demonstrated by
BENNETT [23]. This two-variable function is defined using the angular frequencies
wi, and w,, of the modulator and carrier signal, respectively, i.e., F'(x,y) is defined
by using the variable substitution y — w;t in the modulator signal, and = — w.t in
the carrier signal. This method is widely known in the literature as Black’s method;

and it establishes that the general spectrum of a PWM waveform can be represented
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m=1
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"
where {m,n} € Z*; v = w.t + 0.; y = wit + 01; w. and 6. are the carrier’s angular-
frequency and phase-angle, respectively; w; and 6; are the modulator’s angular-
frequency and phase-angle, respectively.

The overall spectra of a PWM wave can be deduced directly from (2.1). The
first term represents the mean value of the signal. The first summation term defines
the fundamental and harmonic components of the modulating signal. The second
summation term defines the fundamental and harmonic components of the carrier
signal. And finally, the last summation term defines the sidebands around the carrier
frequency and harmonics of the carrier frequency.

The Fourier coefficients in (2.1) are most conveniently represented by

1 ™ ™ )
™ J7xd-x

where F'(z,y) only takes one or zero values as a consequence of the interaction
between the modulating and carrier signals.

The 3-D model proposed in Black’s method, and the relationship between axes x
and y define the PWM transitions. This relationship can be seen by letting xz,(y),
zf(y) be functions that define the rising and falling edges of the PWM, respectively.
Also, let My = w./w; be the frequency ratio between the carrier and the fundamental
frequency of the modulator signal. Then, there is a plane P € R? : y = x/M; that
describes the relationship between axes x and y. Moreover, the projection of the
intersection of P with x,(y) and z¢(y) describes the moments when the PWAM signal
changes its voltage level. Figures 2.1 shows an example of a PWM defined by the
3-D model using a multiple-frequency modulator. Chapter 3 presents a detailed
procedure to calculate the boundary functions for each PWM scheme.

A comprehensive compilation of several PWM schemes was presented by
HOLMES and LIPO [12], in 2003, in their book Pulse Width Modulation for Power
Converters. In that book, analog and digital implementations of PWM with single-

and three-phase inverters are analytically studied using Black’s method to investi-
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Figure 2.1 - Example of a multiple-frequency-modulator PWM defined by Black’s
method.

gate voltage and current spectra. Besides classical PWM schemes, they also included
in their studies more complex and modern topologies like: multiple-frequency mod-
ulating signals (fundamental plus third-harmonic), multilevel inverters, and Space
Vector Modulation (SVM). Nevertheless, dead-time effects are not considered.
Using the well-established basis presented in [12] and [25], different authors ex-
tended the use of Black’s method in more recent analytical studies in the PWM
field. Suchlike: a general method for calculating inverter DC-link current harmon-
ics [26], in 2009; analytical expressions for the input current spectra for matrix
power converters [27], in 2009; analytical spectra for PWM inverters with multiple-
frequency modulator signals (fundamental plus several harmonics) [28], in 2010;
voltage spectra of a four-switch three-phase VSI [29], in 2011; unified analytical
equation for determining the theoretical spectra components for all the carrier based
PWM methods with redistributed zero space vector time-length [30], in 2011; a
generalized theory of phase-shifted carrier PWM for Modular Multilevel Converters
(MMC) [31], in 2016; among others. Also, [32, 33] showed the agreement between
the analytical frequency spectrum generated using Black’s method and experimental

results.

15



2.3 Analytical Frequency-Spectra of PWM with
Dead Time

This section evaluates converters that incorporate dead time in its switching pat-
terns. So far, it was explored the most significant developments in the analytical
spectra in PWM inverters using Black’s method; nevertheless, only considering ideal
conditions on the power converter switches. Dead-time effects in power converters
have reached the attention of several authors over the years. They have mostly fo-
cused on understanding the impacts of this non-linearity and strategies to overcome
its adverse effects in power converters applications. More recently, some authors
have been working on the analytical description of PWM spectra when dead-time
effects are incorporated. The following sections will show the most significant ad-
vances in this particular field.

The standard approach for harmonic analysis is to use the DF'T on voltage mea-
sured signals, rather than an analytical solution to find the spectral components.
The drawback of using DFT is that it is limited by its inputs: windowing will in-
troduce side lobes in the frequency domain, and aliasing will introduce non-existing
frequency components. Also, the magnitude of the measured signal will be influ-
enced by the limits of the analog to digital conversion, the physical setup of the
measurements, and external noise [30]. Another drawback of using DF'T is that due
to the usually large relationship between carrier and modulator frequency on power
electronic applications, this approach requires an extensive sample set to achieve
good frequency resolution [7]. Hence, a small simulation time step should be used,
causing high-computational cost simulations that limit the number of practical ap-
plications to study.

The analytical solution, on the other hand, provides equations that define not
only the behavior of PWM spectra but the magnitude of influence of each variable
on each frequency component. To the best of the author’s knowledge, the princi-
pal motivation of this analytical solution is: to identify the harmonic components
caused by the dead time that require filtering; creation of more sophisticated com-
pensation methods; and power losses calculation. These concerns have been shared
in two principal areas: power electronics converters, and class-D amplifiers used for
audio and radio applications. The latter one exhibits the most challenging scenar-
ios because of the broad frequency-spectrum of the modulating signal in the PWM
scheme.

The mathematical models required to determine frequency-spectra for inverters
with dead time are more sophisticated than those described in section 2.2 and de-
mands a considerable amount of additional algebra [8, 10, 12, 15]. Three principal

methods have been proposed in the literature and will be presented in the following
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sections. To simplify the comparison of the analytical expressions, they are modified

to match the nomenclature adopted in this thesis.

2.3.1 Dead-Time Spectra Calculation Using Black’s
Method

The most notable attempt in the description of the analytical spectra of PWM
inverters with dead time using Black’s method was first presented by WU et al.
[10] in 1999. In this study, an analytical spectrum is determined for a single-
phase inverter including dead time with both trailing- and double-edge, naturally
sampled PWM schemes using a single-frequency modulator signal. The expression
of the output voltage of a single-phase inverter with a double-edge naturally sampled
PWM and dead time is found to be

2Vae Ay . MVy. . )
Veonw () = er sin(wit — ) + 1 d (sin(wit) — sin(wit — Ay))
Waly ~— 1.
+ 2 Z - sin(n(wit — ¢))
n=35,7,
n Vie i —1mtd/2 ii Fiyn cos(mw et 4+ nwit) )
? m=1,3,5,... n=0,£2,4,... — Fopp sin(mwet + nwst)
n Ve i — 1t ii Fopn cos(mw,t + nwit)
2 me2d6.. TV poilinas. — Fimn sin(mwet + nwit)
(2.3)
where
P /”“’ [ cos (2 gin(wit — A,) — mA, — nwit) J
o e | —cos (=2 sin(wit) — ny) Y 2.4)

B /”J““a [ sin (m2M sin(wit — A,) — mA, — ny) ] d ’
o)

—sin (22 sin(w;t) — ny)

and A, = w1y, Ay = w1y, Ty is the dead-time duration, and ¢ is the angle between
the output voltage and the load’s current.

Wu et al. in [10] present the development of this equation through a geometrical
interpretation. In said interpretation, A, is the average voltage error due to the
dead time, and A, is a phase error introduced in the falling and rising functions
that limit the contour regions.

Due to algebra presented in the integrals of (2.4), they were solved using numer-
ical methods. That is the reason this is not a closed-form equation. Nevertheless,

significant outcomes can be inferred from (2.3). These conclusions are expressed in
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[10] as:

1. Dead time can generate a fundamental component which cannot be controlled

by the reference magnitude M, which is the manipulated variable of VSL

2. Dead time produces odd harmonics of the signal frequency which cannot be
generated by an ideal natural sampling PWM process. The magnitudes of
these harmonics are proportional to the dead time T; and inversely propor-
tional to the harmonic order n. Also, the lower order harmonics of this kind

will degrade the performance of the inverters.

3. Dead time can produce carrier harmonics and cross-modulation harmonics
which coincide with those generated by the ideal natural sampling PWM.
From the approximation curves obtained by the numerical methods, one can
infer that the magnitude of these harmonics is approximately proportional to
the dead time T}.

These conclusions were the first theoretical support for some of the observations
reported by EVANS and CLOSE [18] in 1987.

To extend the work presented by WU et al. [10], [4] developed an analytical de-
scription of the low-frequency harmonics in a PWM with dead time, using a math-
ematical approach to describe A, and A,. Chapter 3 extends this work to create
an analytical description of the low-frequency harmonics using multiple-frequency
modulator signals.

Due to the sophisticated algebra involved in the double integrals, no analytical
closed-form results have been presented in the literature when more complex mod-
ulating signals are investigated. In [34], a time-domain approach including circuital
effects is presented, and the analysis was extended to the frequency domain by [34] in
2010. Later, in 2013, [35] proposed the use of the nonlinear equations that govern
the power switch into the limits of the double Fourier-series to include dead-time and
turn-on/off delays effects. All these contributions were made by using the Black’s

method and solving, partially or totally, the integrals by numerical methods.

2.3.2 Dead-Time Spectra Calculation Using Song-Sarwate’s
Method

Besides the application in power electronic converters, PWM is a well-known mem-
ber of the Pulse Time Modulation (PTM) family. This modulation is widely used
in communication systems for the transmission of analog data such as TV, video
and instrumentation signals over optical fibers [36]. It also has an essential role in
the high-efficiency class-D amplifiers [8, 15, 37, 38]. And, it is in these two last
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applications that the modulating signal is quite more complicated than in those
used in power electronic applications. This complexity limits the implementation of
Black’s method for the analytical solution of multiple-frequency modulator signals
and encourages the pursuit of new techniques to provide an analytical solution of
PWM spectra.

In 1991, WILSON et al. [36] presented an analytical method to calculate the
PWM spectrum of a two-frequency modulating signal in PWM. They proposed to
view the modulated square wave as a waveform composed of positive and negative
staircases and the interactions of their simple Fourier-transforms would describe the
complete signal. Later, in 2003, SONG and SARWATE [38] proposed to define sepa-
rate switching functions for a PWM. One of the switching-functions describes a fixed
square wave of the carrier frequency and fifty-percent duty cycle, and the other one
will define its width based on the modulating signal. Moreover, an approximation of
the frequency spectrum of an ideal PWM signals for arbitrary, band-limited inputs
can be calculated by using the Fourier-transform of these switching functions eval-
uated in one period. This general approach allows identifying the spectra of finite
energy and periodic-modulating signal with a bounded frequency.

Using Song-Sarwate’s concept, in 2010, CHIERCHIE and PAOLINI [7] extend
this approach into dead-time analysis by adding third switching-function that de-
scribes the voltage error due to dead-time delays. Additionally, in 2014, they extend
their work to arbitrary modulating signals including dead-time effects and develop
a distortion index that they claim can be used as a measure of the dead-time effects.

Using this method, the output voltage of a PWM inverter can be described as
Va—(t) = pe(t) + ps(t) — e(t), where p.(t) is a symmetrical square wave with an
amplitude of +1 and a fixed duty cycle of fifty percent. ps(t) is a bipolar pulse train
which depends on the modulation signal s,(t), e(t) is the error signal defined by the
difference between the ideal PWM and the actual one, and the coefficients of the
Fourier-series of the periodic PWM signal v,_(t) are given by the evaluation over
one period of each signal’s Fourier’s transform. This expression is given by

Cn = o [Pe(f) + Pu(f) = E(f)] : (2.5)

=%

1
T

19



where
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Moreover, 73 is the pulse width for the k-th interval, 4(.) is the Dirac delta

function, o(t) is the choice function

1, ifiu(t) >0
J(t) = )
0, otherwise

and
Pr,(f) = 2Tdsmc(Tdf)e’j”Tdf , (2.7)

where, for k € Z and Ty is the dead-time duration.

The frequency spectrum calculated by this method is a quasi-analytical descrip-
tion, i.e., contains terms that involve the switching times and therefore give no
immediate insight into the frequency spectrum [15]. Nevertheless, it presents a close
agreement between theoretical and experimental results [37]. Furthermore, it allows

one to identify which harmonics are introduced by dead time and their magnitudes.

2.3.3 Dead-Time Spectra Calculation Using Poisson’s Sum-
mation Method

The first analytical closed-form method to describe the harmonic spectra of a PWM
with dead time was proposed by MOORE et al. [8] in 2012, and published in the
IMA Journal of Applied Mathematics in 2014. In this paper, the authors use Pois-
son’s summation method to integrate the summation of the partial Fourier-transform
of PWM switching-functions analytically. This technique does not use switching
approximations as Song-Sarwate’s method and, in some cases, is less algebraically
cumbersome than Black’s method.

This method is based on Poisson’s summation formula, which establishes that
the periodic summation of a function is completely defined by discrete samples of
the original function’s Fourier-transform. It is defined for a non-negative function f

such that the integral ffooo f(t)dt exists as an improper Riemann integral [39]. This
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principle is known as the Poisson’s summation formula and is found to be

> hm)= ) / h eI () dT (2.8)

m=—o00 m=—oo “

The technique proposed by MOORE et al. [8] describes two key moments, A, and
B, as the moments when the rectangular pulse of a PWM changes its value. Hence,

the discrete switching function of the output voltage for a single-leg inverter can be
defined as

Ve () =1 -2 i b(t; A, Bm) | (2.9)

m=—0Q

where ¥(t;t,ty) is a top-hat function, given by

1 ift; <t <ty
0 otherwise .

Applying Fourier’s transform into v,_(t), Poisson’s summation formula, and the
Jacobi-Anger identity (see [39]), the analytical description of the output voltage of
a single-phase inverter with naturally sampled PWM is given by

(—1)¥2) 1)
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Epn = ((=1)P" = 1)(1 + (=1)™*?) . (2.12)

Poisson’s summation method can be extended to other PWM schemes. MOORE
et al. [8] calculated the analytical spectra of the digital schemes, symmetrical and
asymmetrical regular sampling PWM schemes. Based on this work, in 2013,
AINSLIE-MALIK [15] extended the use of Poisson’s summation method into his
Ph.D. thesis in applied mathematics. Here, the Poisson’s method was used to de-
scribe single, and three-phase inverters. Calculating both, voltage and current spec-
tra, for generalized load impedance. Furthermore, in this thesis is presented by the

first time the analytical description of the harmonic content of the DC' voltage in a
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power electronics inverter including the dead-time effects.
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2.4 State of the Art

This section explores the latest development in the field of analytical description of
dead-time effects in VST with multiple-frequency modulator signals. As mentioned
in the last sections, there are three principal methodologies to define analytical
frequency-spectra of PWM inverters; hence, this section presents the state of the

art for each one of them.

2.4.1 State-of-the-Art Research Using Black’s Method

In October of 2018, KUMAR [40] extended the work of WU et al. [10] by adding
the sample-delay to describe regular sampled PWM schemes in a single-phase VST
with a single-frequency modulator. He also expressed the analytical spectra by using
infinite summations of Bessel functions instead of the integrals expressed in [10].

More recently, in April of 2019, JIAO et al. [41] also extends the work of WU
et al. [10] to the asymmetrical regular sampled PWM scheme with single-frequency
modulator. Moreover, the authors proposed an alternative analytical method to
avoid the unit-cell definition of Black’s method and define a single Fourier-series
analysis to avoid the cumbersome process of solving the double integral in Black’s
method.

To the best of the author’s knowledge, An analytical study of dead-time effects
in PWM with multiple-frequency modulator signals using Black’s method have only
been presented in this thesis, i.e., not using numerical methods to solve the double

integral.

2.4.2 State-of-the-Art Research Using Song-Sarwate’s
Method

In March of 2019, JOHN [42] uses Song-Sarwate’s method in his Ph.D. thesis to de-
fine frequency-domain modeling of PWM schemes applied to control of VST drivers.
This frequency model includes analog and digital PWM schemes using single- and
multiple-frequency modulator signals. Using this approach, [42] also provides a

closed-loop control analysis of a three-phase VSI.

2.4.3 State-of-the-Art Research Using Poisson Summation
Method

The work of AINSLIE-MALIK [15] and MOORE et al. [8], in 2013 and 2014, still

represent the state-of-the-art research for the Poisson Summation Method. The
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analytical spectra of analog and digital PWM schemes are covered in [8] for single-
frequency modulator signals. Moreover, [15] used this method to describe single-
and three-phase inverters.

According to the authors of [8, 15], this method could be extended for multiple-
frequency modulator signals with relatively minor modifications but a considerable
amount of additional algebra. Nevertheless, to the best of the author’s knowledge,

this has not been addressed yet.

2.5 Conclusions

An extensive review of previous research was presented in this chapter. It was
possible to identify three of the most advanced methods to study the analytical
frequency-spectrum of dead-time effects. These methods have been used to define
the harmonic content of dead-time effects for analog and digital PWM schemes,
and the effects of multiple-frequency modulator signals. Nevertheless, only one
document was found addressing both topics at the same time, i.e., dead-time effects
and multiple-frequency modulator signal. However, the frequency-spectrum is not
a closed-form expression, i.e., it contains terms that involve the switching times and
therefore give no immediate insight into the frequency spectrum.

After the review presented in this chapter, the most suitable techniques to de-
velop the proposed research of this thesis are Black’s and Poisson summation meth-
ods. Nevertheless, the research in this thesis is performed using Black’s method due
to the reduced documentation and lack of development of the Poisson summation

method in PWM with multiple-frequency modulator signals.
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Chapter 3

PWM Spectrum of One Inverter
Phase Leg

This chapter explores the use of double Fourier-series analysis to develop an an-
alytical expression of the low-frequency spectrum of a PWM scheme; including
dead-time effects and multiple-frequency modulators. Commonly, power electron-
ics applications include a low-pass output filter, which minimizes the contribution
of high-frequency components on the output voltage in a power converter. Thus,
this study proposes to focus on the analytical expression of the low-frequency spec-
trum without the typical cumbersome expressions involved in describing carrier and
side-bands components.

The proposed low-frequency approach describes the principal frequency-compo-
nents that are responsible for degradation in the output voltage of a power converter.
Moreover, this chapter shows that harmonics created by dead time do not depend
on the frequency-components injected by harmonic compensation systems or other
multiple-frequency control techniques.

The outline of this chapter is as follows: the first section details the topology
of the inverter studied in this chapter; section two develops the analytical output-
voltage spectrum for an ideal PWM scheme, i.e., considering ideal switches in the
power converter; section three includes the effects of dead time into the analytical
spectrum. Moreover, section four summarizes the partial conclusions and contribu-
tions in this chapter.

Development of the equations used in this chapter are presented in Appendices
B and C.
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Figure 3.1 - One inverter phase-leg topologies: a) phase-leg using ideal switches;
b) phase-leg using power switches and its associated free-wheel diodes in an anti-
parallel configuration.

3.1 Topology of One Inverter’s Phase Leg

Conventional power converter applications have separated PWM signals for each
inverter phase-leg. Therefore, the calculated voltage spectrum in one phase can be
extended to define the spectrum between different phases, such as full-bridge single-
phase and three-phase converters [12, 15]. Two cases of one-phase-leg topology are
presented in Figure 3.1, where, the main difference is the use of ideal and non-ideal
switches. This figure also displays signal notations and some converter parameters
that will be used by the analytical expression developed throughout this chapter.
The studied waveform is the output voltage of the phase leg referenced to the
negative rail of the DC' link, v, henceforth. The reference point of the voltage
measurement was selected to be the negative rail of the DC' link in order to create a
common reference to facilitate the analysis of multiple-phase converters, as will be

shown in Chapter 4.
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3.2 Ideal PWM with Multiple-Frequency Modu-

lator

This section uses Black’s method to obtain the analytical low-frequency spectra
of analog PWM schemes using ideal switches. Although Black’s method in ideal
PWM inverter topologies is a topic widely covered in literature, this section details
the specific case when a modulator signal has a major fundamental component and
a set of small fundamental-frequency harmonics. This multiple-frequency modulator
signal is commonly produced by the control law of high-power-quality applications,
where the primary objective is to reduce the fundamental-frequency harmonics that
distort the output-voltage waveform.

Additionally, a power electronic converter usually has a low-pass filter at the
output stage. This filter attenuates nearly all of the high-frequency components
introduced by the PWM switching pattern. Therefore, the combined actions of
the output filter and the control law allow us to propose focusing only on the low-
frequency spectrum, i.e., DC' and fundamental-frequency components.

Furthermore, a set of harmonic components injected by the control law can be
studied by letting h € Z* be an index that represents any harmonic of this set.
Thus, it is possible to extend the conclusions of harmonic A to any other harmonic-
component in the set. This assumption is conceivable due to the linear behavior
of the double-Fourier-series analysis [39]. This approach simplifies the analytical
expression of the PWM spectrum and allows further analysis that is presented in

the following sections.

3.2.1 Ideal PWM Definition

The PWM is defined by the interaction between a low-frequency modulator signal,
sq(y), and a high-frequency carrier signal, ¢(z). This PWM signal has only two
voltage levels, and the changes between them are defined by the moments where
both signals, modulator and carrier, have the same value. For the proposed study

of multiple input frequencies, the modulator signal is given by
Sq(y) = M cos(y + 01) + My cos(hy + 65) (3.1)

where M), and 6, are the amplitude and phase of the harmonic A injected by the

control law, respectively. Moreover, the carrier signal can be defined by either

c(z) = {—(HOC) —r<z<T (3.2)

T )
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Figure 3.2 - Naturally sampled PWM definitions: A) and B) displays a classical
PWM definition; C) and D) shown the 3D-model approach. Plot parameters: V. =

1.0 pu., M = 0.5, wy = 2760 rad/s, 6, = 0°, h =7, M = 0.1, 6, = 0°, 0. = 0°,
M; =9.
or
cn(x):—W—l, —1<x<0
clx) = _— ; (3.3)
cp(r) = = — 1, 0<z<m

depending on the selected modulation scheme. Equation (3.2) defines a saw-tooth
or trailing-edge carrier signal, and (3.3) defines a triangular or double-edge carrier

signal. The over-modulation condition is out of the scope of this study, therefore,
|sa(y)| < 1.

Ideal boundary functions and 3-D model

Recalling from section 2.2.1, the 3-D model proposed by [25] in Black’s method, and
the relationship between axes x and y define the PWM transitions. To show this
fact, let x,.(y) and z¢(y) be the functions that define the rising and falling edges,
respectively, of the 3-D model. Also, let M; = w./w; be the frequency ratio between
the carrier and the fundamental frequency of the modulator signal. Finally, let
P € R? : y = x/M; be the plane that describes the relationship between axes x and
y. Then, the intersection of P with z,(y) and z¢(y) describes the moments when
the PWM signal changes its voltage level, as shown in Figures 3.2-c and 3.2-d.
The boundary functions z,(y) and z¢(y) can be defined by finding the moment
x when the modulator signal equals the carrier signal, e.g., as shown in the double-

edge naturally sampled case in Figure 3.2-b. The rising edge of the PWM signal
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Table 3.1 - Boundary equations for a naturally sampled PWM scheme evaluated
over the range [—, 7.

Carrier Parameter Expression
r _Qc —
Trailing-edge () ™
zy(y) —0. + 7w [M cos(y + 01) + My, cos(hy + 6)]
r —b. — 5 [M +61) + M, cos(hy + 0;) + 1
Double-edge () > [M cos(y + 61) ncos(hy +6y) + 1]
vp(y) =0+ 5 [Mcos(y + 601) + My cos(hy + 0) + 1]

occurs when the negative slope of the triangular equals the modulator signal. Then,

the expression for the rising function is found to be

cn(2:(Y)) = 8a(y)

B 2 (z(y) +0.)

- — 1= Mcos(y + 601) + My, cos(hy + 05) (3.4)

2o(y) = 0, — g [M cos(y + 01) + My cos(hy + 0,) + 1] .

Similarly, this process can be used to find the falling-edge, as well as the bound-
ary functions for the saw-tooth signal. Table 3.1 shows all the definitions for the
boundary functions and the development of these expressions is presented in Ap-
pendix B. Using these functions, the voltage waveform in one leg of the ideal power

electronic converter is given by

2‘/&07 $r<y) S X S Jff(y)
Va—(t) = F(z,y) = : (3.5)
0, Otherwise

A complementary procedure to define a PWM scheme is presented in Appendix
A. Although the mathematical approach to calculate the boundary functions z,(y)
and z¢(y) is the appropriate way to define the 3-D model in Black’s method, the pro-
posed geometrical approach, shown in Appendix A, aids to capture the fundamental

interaction between carrier and modulator signals in Black’s method.

3.2.2 Ideal Spectrum of a Naturally Sampled PWM

Due to the periodicity of function F(z,y) in both axes, it is possible to calculate the
analytical expression of the PWM spectrum using a double Fourier-series [12, 23—
25, 43, 44]. The main idea is to express the function F'(z,y) as an infinite addition of

harmonic components of the modulator and carrier signals. Recalling from Section
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2.2.1, a double Fourier-series is defined by
F(z,y) = —Aoo

+ Z{A()n cos(ny) + By, sin(ny)}

n=1

+ Z{Amo cos(mx) + By sin(mx)} 7

m=1

+ Z Z mn €OS(MT + ny) + By, sin(ma + ny)]

m=1 n=—o0

n#0

(3.6)

and the general expression to calculate each coefficient is given by

PR (3.7)
27r2 ] F(x,y)e xdy

Using the complex representation of the coefficients and evaluating them over the

range of [—, 7| simplifies the development of the analytical expressions [12].

Low-frequency components of an ideal naturally-sampled PWM

The main idea of this study is to focus only on the low-frequency components of the
analytical expression, i.e, harmonics components of the fundamental frequency. As
shown in chapter 1, a typical power electronics application has a low-pass filter after
the converter stage. This filter is designed to reduce the switching-frequency com-
ponents. Thus, it is possible to neglect all the high-frequency terms of the Fourier
analysis, i.e., all harmonic components of the carrier signal and their side-bands.
This assumption is valid for My values that does not overlap the side bands of the
first carrier component with the most significant fundamental-frequency harmonics.
Therefore, let F'(z,y) define the low-frequency approximation of the PWM signal

as

1
F/('ray) = 51400

+ Z{AO" cos(ny) + By, sin(ny)}

n=1

: (3.8)

where the first term represents the DC component of the Fourier series, and the
second term is the infinite addition of fundamental-frequency harmonics (or so-
called base-band harmonics). The coefficients Ay, and By,, Vn € Z*, can be defined

by using the output-voltage definition presented in (3.5), and the general Fourier’s
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integral given by (3.7). These coefficients can be calculated as

OOn - AOn + jBOn

T rzs(y) : .
= vi;/ / " ™ drdy (39)
T Jer Jan(y)

Equation (3.9) represents the magnitude and phase of each harmonic in the
double Fourier-series. Moreover, using the boundary functions shown in Table 3.1,
and solving (3.9) forn = {0,1,h,n > 1An # h}, it is possible to define the analytical

expression of the low-frequency spectrum for an ideal analog PWM scheme as

(
2Vdc; n=~0

G MVae™%,  n=1 (3.10)
On(ideaty — Mthce*jeh, - . .

0, Otherwise

\

This expression defines the low-frequency spectrum of both naturally sampled PWM
schemes, trailing- and double-edge. As shown in [12] and demonstrated in Appendix
C, naturally-sampled PWM schemes differ only in the carrier and side-band har-
monics, which are out of the scope in this study.

The coefficients in (3.10) show that:

e fundamental-frequency and harmonic components depend only on their terms
of the modulator signal, i.e., M and 6, for the fundamental frequency, and M,

and 6, for the injected harmonic h;
e the DC voltage V. affects all frequency components;

e and, the injected harmonic at order h does not affect the ideal fundamental-

frequency component, and vice versa.

Low-frequency time definition of an ideal naturally-sampled PWM

The low-frequency approximation of the output voltage can be defined by using the
reduced double Fourier-series shown in (3.8) and the coefficients shown in (3.10).

This low-frequency approximation is found to be

(t) = F'(wet, wit)
= Ve + MVy. cos (wit + 01) + My V. cos (hwit + 6,)

Va— (ideal)

(3.11)
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3.3 PWM with Multiple-Frequency Modulator
and Dead Time

This section evaluates converters that incorporate the dead-time effects in their
switching patterns. When using non-ideal switches, voltage transitions are not in-
stantaneous. Thus, as presented in Section 1.2.3, a small gap or dead time is in-
serted into the complementary switching pattern to avoid short-circuiting the DC
rail thought the converter leg. Nevertheless, when a load or low-pass filter is con-
nected to a converter, the output voltage waveform is distorted by the uncontrolled
conduction of the free-wheel diodes (see Figure 3.1). This distortion is commonly
known as gain and loss, and its effects depend on the actual polarity of the current
waveform [12, 18].

In [10], the authors proposed to create a correction function, Fey..(z,y), which
could incorporate gain and loss effects into the ideal function F'(x,y) of a two-level-
single-phase inverter with a single-frequency modulator signal. This new correction
function takes into consideration the current polarity and defines a pulse that adds
to or subtracts from the original 3D-model. This section extends the technique
presented by [10] to study the dead-time effects with a more elaborate modulator

signal.

3.3.1 PWM Definition Including Dead-Time Effects

Dead time modifies the duty cycle of the PWM signal. In the positive part of the
current waveform, it delays the rising-edge. Moreover, in the negative part of the
current waveform, it delays the falling-edge [7, 8, 10, 12, 15, 35, 43]. These effects
are shown in Figure 3.3 when a resistive load is connected. Nevertheless, when a
low-pass filter or an inductive load is connected to the converter, a shift angle ¢
must be considered. Figure 3.4 uses the fundamental-frequency component of the
output voltage as a reference to define the shift angle ¢ of the current waveform of
a partially inductive load. This study is focused on modulator signals that do not

create more than two changes of polarity over one fundamental-frequency period.

Time Substitution Concept

To incorporate dead-time effects into a PWDM, let t be the time when rising or falling
edges occur in the ideal PWM. Also, let t' = t 4T, be the time when rising or falling
edges occur in the PWM with dead time, where Ty is the dead-time duration (see
Fig. 3.5). Consequently, the time substitution, t — ' — T, allows us to incorporate
the dead-time effects into the modulator and carrier expressions, i.e., the boundary

functions presented in the previous section can now be calculated using the carrier
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Figure 3.3 - Dead-time effects over the PWM signal.
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Figure 3.4 - Current boundaries definition. The angle ¢ is an approximation due to
the multiple zero-crossing of the current ripple.

and modulator expression with this time substitution. Hence,

T xl — A,
th,_Td: Zfo}—Ax

y=y—A,

where A, = w, Ty and Ay = w,Ty. Note that y' was not used in the third implication
i order to maintain the nomenclature in Fourier’s equations.

The proposed mathematical approach, t — t' — T, produces the same results
presented geometrically by [10]. However, it extends dead-time effects analysis more
efficiently to more elaborate modulator signals, such as the one defined in Equation
(3.1). Certainly, the proposed time substitution represents the fundamental theoret-
wcal concept that allows modifying Black’s method to perform all dead-time studies

presented in this thesis.
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Figure 3.5 - Details of dead-time effects on PWM signals.

Table 3.2 - Boundary equations for a naturally sampled PWM scheme including
dead time and evaluated over the range [—7, 7).

Carrier Parameter Expression
/ — —
Trailing-edge = (y) b= m+0a
M cos(y + 6, — Ay)
m
) + M, cos(hy + 6, — hA,)
+ A:p - 90
T (M cos(y + 0, — Ay) )
/ B —
Double-edge zl.(y) 2\ + Mycos(hy + 6, —hA,) +1
+ A, — 0.
7w [ Mcos(y+ 6, —Ay)
s (y) 2\ + Mycos(hy + 6, —hA,) +1

+ A, — 0,

Correction boundary functions

Using the time-substitution concept, the new boundary functions of the correction
term z;(y) and 2’ (y) can be found in a similar way as presented in Section 3.2.1.

Table 3.2 resumes all boundary-functions for both analog PWM schemes.
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Figure 3.6 - Dead-time effects over the PWM 3D-model. Parameters used: V. =
1.0 p.u., M = 0.6, w, = 2760 rad/s, 6, = 30°, h =7, M, = 0.1, 0, = 15°, 6, = 45°,
Mf = 21, Td =100 uSs, © = 30°.

3D-Model Including Dead-Time Effects

Dead-time effects can be defined using the shift-angle between voltage and current

waveforms, and the correction boundary-functions as follow

~2Wie, w(y) <w<a(y) NA<Ly<B
F(cor?")('rvy) = 2Vvdcv xf(y) S € S x}(y) AN B S y < C . (312)
0, Otherwise

Where A = —n/2+ ¢+ 61, B=7/2+4 ¢+ 6, and C = —37/2 + ¢ + 0; (see figure
3.4).

Figure 3.6 shows the correction 3D-model and the effects over the ideal one. As
can be seen in this figure, the effects of the correction function are to decrease the
volume of the 3D-model during the positive part of the current signal (from A to
B) and increase it during the negative part (from B to C). This is consistent with
the effects reported in Figure 3.3, i.e.; loss effects during the positive semi-cycle of

the modulator signal and gain effects during the negative semi-cycle.
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3.3.2 Spectrum of a Naturally Sampled PWM Including
Dead Time

To incorporate the effects of dead time into the calculations of the double Fourier-
coefficients, it is necessary to modify the double integral that defines the complex
coefficients Cjy,,. As shown in Figure 3.6, the volume of the correction 3D-model is
defined in two separate regions, which affects the outer Fourier-integral. Neverthe-
less, this discontinuity does not affect the convergence of the double Fourier-series
[44]. Moreover, using the boundary functions presented in Table 3.2, the correction
function Fiy(x,y), and the shift-angle ¢, the complex coefficients of the double

Fourier-series are given by

S+e+o1 x!. Tipt0, o
Comc.m) = / / e]nydl'dy + / /ejnydl'dy . (313)
Stet+01 @ T+ot+61  af

These complex coefficients represent the magnitude and phase of each harmonic in

the double Fourier-series of the correction term and will be discussed below.

DC Component

The analytical expression for the DC component is calculated by setting n = 0,
using the boundary functions presented in Table 3.1 and 3.2, and solving the ideal
and correction integrals of the Fourier coefficients, (3.10) and (3.13) respectively.
After algebraic manipulations, the expression of the DC component for the ideal

term is given by

C00(gear) _ Vae trailing-edge naturally sampled (3.14)
2 Ve double-edge naturally sampled
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and the correction term is given by

( | 2cos (¢ + 61) |
—2cos (¢ + 601 —A)
Ve, | TSIt ((p—=3)h+6n) trailing-edge
Cooeorny _ o +sin ((¢ = § —Ay) h+064) naturally sampled
i +sin (3 +¢) -+ 60)
—sin (5 +¢ = 8y) h+0)
0 - - double-edge
naturally sampled

\

(3.15)

Recalling that A, = w;T; and Tj is normally a very small value due to the high
switching-frequency in practical applications. Then, to build a general approximated
model, the DC component in the correction term for the trailing-edge natural sample
can be neglected. Hence, both analog PWM schemes can be described by the same
analytical expression. Additionally, the corrected DC component is given by the

sum of the ideal and correction term as

Coo _ 1
5 = Ve (3.16)

Fundamental-frequency

The analytical expression for the fundamental frequency is defined by the sum of

the ideal and correction terms of the complex coefficients of the Fourier series
Cotygemsy = M Vaee™" (3.17)

and ,
e’? A:t Vdc

COl(corr) - QM‘/dce_jel (e]Ay - 1) o 4 7{'2

(3.18)

As mentioned in [10], considering that A, << 1, then the first term of (3.18)
can be neglected, and the complete fundamental component is found to be

Cor = MVgee 7 — —=

(3.19)

(e

The analytical expression of the fundamental component shown in (3.19) is the
same expression reported by [10] for the single-frequency input case. Hence, the
harmonic at order h introduced in the modulator does not affect the value of the
fundamental component.

Figure 3.7 shows the effect of dead time over the fundamental component. Recall-
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|Ideal component|=0.8
|Dead-Time correction|= 0.257

|Corrected Component|=0.705

Re

\
\/

Figure 3.7 - Components of the fundamental frequency. Parameters used: M = 0.8,
Vie = 1.0 pu., p = 60°, Ty = 20 ps, wy = 2760 rad/s, 6, = 0°, My = 85.

ing that A, = w.Ty, it is possible to see from (3.19) that the corrected component,
Co1, is proportional to the dead-time duration, the switching frequency, and the
DC voltage. Furthermore, the magnitude and phase of the corrected component
are affected by the angle () between the fundamental-frequency of the voltage
and the output current. Thus, the power factor of the load affects the corrected
fundamental-component.

The results shown in this section extend the same conclusions presented experi-
mentally by [18], and analytically by [7, 8, 15, 43], to the actual case of a single-phase

converter with multiple-frequency modulator and dead time. These conclusions are:
e the correction component has the opposite direction of the output current;

e the fundamental component introduced by dead time is proportional to Ty,

We, and ‘/dcv
e and the proportionality constant equals to four over the square of .

Furthermore, the PWM definition presented in this section takes into consider-
ation the arbitrary initial phase of the injected harmonics 6, likewise the carrier
signal 6.. Nevertheless, (3.19) shows that the fundamental component is only af-
fected by the initial phase of the fundamental-frequency 6;. Hence, the phase of the
imjected harmonic h, and the phase of the carrier signal do not affect the corrected

fundamental-component.

Base-band and injected harmonics

Recalling that the base-band harmonics are the result of the sum of ideal and cor-

rection terms, then, this section analyzes Fourier-coefficients for all harmonics of the
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|ldeal component|= 0.050
|[Dead-Time correction|= 0.086
|Corrected Component|= 0.062
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Figure 3.8 - Components of the injected-harmonic. Parameters used: h = 3, M) =
0.05, Vg = 1.0 p.u., p = 45°, Ty = 20 ps, w, = 2w60 rad/s, 0, = 0°, M; = 85.

fundamental-frequency. The base-band harmonics of the ideal term are defined by

(
2Vdc; n=>0
c MVye 9 n=1 (3.20)
On(ideaty — Mthce*jgh, - . .
\O, Otherwise

and the correction terms are defined by

AN Vg ](gn+n<p) =1 3 5
— 5 € , nN=11,5,0,...),
I [ ) (3.21)

0n(corry —

0, n=10,2,4,...).
The above expression shows that the injected harmonic h is only affected by
dead time for odd values of h. As shown in (3.21), dead time only introduces
odd harmonics. Hence, for even values of h, the corrected harmonic component
depends only on the harmonic information in the modulator signal, M} and 6}, and
the voltage of the DC link Vj., (see case n = h in (3.20)). For odd values of the
harmonic h in the modulator signal, the output voltage is affected by the dead-time
harmonics, as shown in the vector diagram in Figure 3.8. In this case, the corrected

component is given by

AN Ve ej(%hHw)

Congaqy = My Vaee ™ + j b2 (3.22)

Moreover, the analysis over (3.21), and recalling that A, = w.T}, then it can be

seen that:

e neither the arbitrary phase of the fundamental-frequency nor the carrier’s in-
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fluence the base-band components of the dead time;

e the harmonics of the correction term are proportional to dead time and Vi,

with a proportionality constant of four over the square value of 7;

e the base-band harmonics of the correction part decays rapidly, inversely pro-

portional to the harmonic order;

e and, the injected harmonic h does not affect other base-band harmonics intro-
duced by the dead time.

Low-frequency time definition of PWM scheme including dead time

The correction term of the voltage in one arm of the power converter is found by
using the reduced double Fourier-series shown in (3.8) and the coefficient computed
with (3.13). The low-frequency approximation of the correction voltage waveform

is found to be

1 1
5]\/[ cos (w1t + 91) + §M cos (wit + 6, — A)
(3.23)

Ua_(corr) (t) = ‘/;lc > A SlH — S nQO + nw1t> ’
+2

7T2

where n = [1,3,5,7,9,...).
Finally, neglecting the effect of the parameter A, in (3.23), then the complete

corrected term of the voltage in one arm of the power converter is given by

Va— (t) “Va—(idear) (t) + Ya—(corr) (t)

=V + MV, cos (wit + 61) + My Vg cos (hwit + 65) (3.24)

N i 4‘/ch$ sin (—— —np + nwlt)

b
nm?

n=3

where n =[1,3,5,7,9,...).
Figure 3.9 shows an example of a low-frequency spectrum calculated using (3.24)

and normalized by the magnitude of the fundamental frequency.
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Figure 3.9 - Normalized low-frequency spectrum of a double-edge naturally sampled
PWM signal considering dead-time effects and a multiple-frequency modulator. Pa-
rameters used: M = 0.8, h =5, M = 0.05, V4. = 1.0 p.u., p = 45°, Ty = 5 us,
W, = 260 rad/s, 01 = 0, = 0°, My = 85.

3.4 Conclusions

This chapter performed a detailed analysis of the effects of dead time in one in-
verter phase-leg using naturally sampled PWM schemes with multiple-frequency

modulators. The principal outcomes are highlighted below.

e The proposed time substitution concept produces the same results as those pre-
sented geometrically in the bibliography. Moreover, it allows a straightforward

method to include dead-time effects in elaborate modulator signals.

e Dead time introduces a small DC component in PWM with a trailing-edge
carrier. In order to build a general model, this small DC component was
neglected. Nevertheless, this DC component should be considered for any
power electronics application that use a transformer in the output stage. In
these application even a small DC voltage component can produce a significant

DC' current due to the low impedance value of the transformer at zero Hz.

e The base-band harmonics introduced by dead time do not depend on injected

harmonics introduced by the control law.

e The injected harmonic h does not affect the ideal fundamental-frequency com-

ponent, and vice versa.

e The arbitrary phase of the injected harmonic and the carrier signal do not

affect the PWM spectrum. Nevertheless, the power factor of the load does.

The theoretical development presented in this chapter was used as the basis
to build a Wolfram Mathematica® package application called PwmSpectra. This

application provides simple functions to facilitate the study of digital and analog
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PWM schemes, e.g., Figures 3.7 and 3.8 were calculated and plotted using the
PlotComponent Vectors function offered by the application. Details of PwmSpectra

are shown in Appendix E.
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Chapter 4

Single-Phase PWM Voltage

Source Inverters

Once the low-frequency spectra in one phase-leg have been determined in Chapter
3, the next step is to consider the interaction between phase-legs that are grouped
to make a complete inverter system [12]. This chapter analyses the overall low-
frequency performance of three different single-phase inverter topologies and pro-
poses a simplified model that allows understanding of the principal harmonic compo-
nents that are responsible for the power quality degradation in these power electronic

converters.
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Figure 4.1 - Two-level single-phase inverter topologies: a) Half-bridge single-phase
inverter; b) Full-bridge single-phase inverter.
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Figure 4.2 - Three-level full-bridge single-phase inverter topology.

4.1 Topologies of a Single-Phase Inverter

Figure 4.1 presents two topologies for a two levels single-phase inverter. The first
one is a half-bridge inverter built from a split DC link and a phase-leg equal to the
one described in Chapter 3. The second two-level topology is a full-bridge inverter
made up of two phase-legs connected to a common DC bus and modulated by a
bipolar PWM scheme. Furthermore, Figure 4.2 presents a three-level single-phase
inverter. This topology is made by a full-bridge single-phase inverter modulated by
a unipolar PWM scheme. An LCL low-pass filter forms the output filter stage for all
topologies. Additionally, an RL branch was used as a load. The following sections
explore the low-frequency spectra of PWM with a multiple-frequency modulator

signal and dead-time effects over all these single-phase topologies.
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4.2 Two-Level PWM Single-Phase Inverter

Using the topology description presented Figures 4.1 and 4.2, and the analytical
expression for one phase leg of a voltage source inverter developed in Chapter 3, it
is possible to build the analytical frequency spectra of interaction between different
phases in a power inverter [12, 15]. The analytical PWM spectra presented in
Chapter 3 describes the low-frequency components in each phase leg of a power
electronic converter referred to the negative pole of the DC link (v, in Figures
4.1 and 4.2). The following sections extend these analytical spectra to describe
the output voltages of a two-level single-phase inverter, i.e., the voltage waveform

applied to the filter stage or v, in Figure 4.1.

4.2.1 Low-Frequency Spectrum of a Two-Level Single-Phase

Inverter

As presented in [12], the voltage waveform v, can be defined by the analytical
time definition of v,_ and the voltage analysis of the inverter topology shown in
Figure 4.1. For a half-bridge inverter, it is straightforward to see from Figure 4.1-a

that the output voltage is given by

Ucom)(half) = Vg— — Vdc . (41)

Moreover, in a two-level full-bridge topology, the control signals S; and S, are
diagonally opposite, see Figure 4.1-b. This PWM technique is known as bipolar
voltage switching [45]. Recalling from Section 1.2.3, dead-time effects depend on the
output-current polarity, and, for a single-phase inverter, current in leg b is inverse
to the current in leg a. Thus, the dead-time effects in the output voltage of each
phase are opposite, i.e., loss effect in one phase means gain effect in the other phase,
and vice versa. This situation means that the PWM pulse v,_ is a complementary
waveform of v,_ and it can be found as v, = 2Vdc — v,_. Therefore, the output

voltage for the two-level full-bridge topology is given by

Uconv(fu”) =Uap
=Vg— — Vp— . (42)
=2 (Ua— - ‘/dc>
Equations (4.1) and (4.2) show how output voltage for the topologies shown in
Figure 4.1 can be defined by using the analytical expression developed in Chap-

ter 3. Furthermore, the output voltages for both two-level topologies only differ

by a factor of two. Nevertheless, when analyzing low-frequency harmonic com-
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Figure 4.3 - Analytical low-frequency spectra of a single-phase inverter. Parameters
used: M = 0.8871; wy = 376.9 rad/s; 6y = 0, = 0° ¢ =45° Ty =5 ps; My = 85 ;
M, = 0.05; and h = 5.

ponents, it is a common practice to normalize the spectrum by the magnitude of
the fundamental-frequency component; therefore, both topologies displays the same

harmonic components, and they are defined by

M
'ﬁconv(t) = COS (wlt + 01) + ﬁh CcOos (hwlt + 9h>
(4.3)

=, A,sin (—M —np + nwlt) )
* Z 4 ;Mﬂ'Q
n=1

where n = [1,3,5,7,9,...) and Ogn,(t) stands for the output voltage of the inverter
normalized by the magnitude of the fundamental-frequency. Figure 4.3 shows the

analytical low-frequency spectrum calculated by (4.3).

4.2.2 Simulation Results

The electromagnetic transients simulation software PSCAD™ | EMTDC™was used
to create two different simulation scenarios. The basic schematic diagram is shown
in Figure 4.4 and the implementations using PSCAD™ blocks are presented in
Appendix D. Dead time is not a native feature of PSCAD™ thus a combinational
logic was implemented as described in Figure 1.7. The first case scenario presented in
Figure 4.4-a simulates the switching patterns of a single-phase PWM inverter. The
second case scenario is shown in Figure 4.4-b, where a voltage source is controlled
by a mathematical model based on the analytical low-frequency spectrum defined
in the last section. Details of this mathematical model are presented in section 4.4.
Both scenarios use the same multiple-frequency modulator signal defined by (3.1).

Also, they both use the same parameter values for the output-filter and load stages.
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Figure 4.4 - Block diagram and circuits of the proposed single-phase case scenar-

ios. S,(t) represents the multi-frequency modulator signal and v, . represents the

estimated voltage value of the converter using the proposed simplified model.

Case study: 10 kVA single-phase inverter

The selected case study is the inverter stage of an industrial UPS, typically used
in oil and gas offshore platforms. The parameters used are summarized in Tables
4.1, and 4.2. Moreover, parameters used for the modulator signal are: M = 0.8871;
wy = 376.9 rad/s; 6, = 0, = 0°; M, = 0.05; And h = 5. The parameters of the
modulator signal were calculated to synthesize a nominal-value component in the
fundamental-frequency and injection of 5.6% of 5" harmonic, i.e., these values are
equivalent to those presented by [19] for the voltage controller of a UPS inverter
when it is compensating distortions of a nonlinear load. The proposed scenarios and
study cases are sufficient to perform time, frequency, and performance studies, and

the results are discussed in the following sections.

Time- and frequency-domain comparison

The primary hypothesis presented in this thesis is that due to the low-pass filter of
the power converter, the frequency analysis should only take into consideration the
harmonics of the fundamental frequency. To prove this hypothesis, a time-domain
comparison was performed in the two different scenarios described earlier.

The input and output voltages for the two scenarios are shown in Figures 4.5

and 4.6, respectively. It can be seen that a high-frequency PWM defines the input
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Table 4.1 - Inverter parameters.

Parameter Value
Power 10 kVA

2Vie 405 V
Vout 220 Vi
fi 60 Hz
fe 5100 Hz
Ty O 1S
L 1.8 mH
R 1.85 mf2
C 90 uF
Re 10 puf2
L, 170 pH
R, 1.85 mf2
Rivad 1.45 Q

Lload 427.9 /LH

Table 4.2 - PWM model parameters.

Parameter Value
A, 0.321 rad
wq 376.991 rad/s
© 0.414 rad
Number of fundamental-frequency harmonics 13

voltage synthesized by the converter. However, the proposed model only synthesizes
the first six odd-harmonics of the fundamental-frequency, i.e., h = [3,5,7,9,11,13].
Nevertheless, as shown in Figure 4.6, the output-voltages at the end of the filter stage

/

’ ) are extremely close. As expected, the low-

for both case scenarios (vgy and v
pass characteristic of the output filter of the power inverter successfully reduces all
high-frequencies introduced by the switching pattern of the inverter. Therefore, the
analytical model successfully follows the output voltage waveform of the simulated
power converter.

Additionally, the spectra comparison of the output voltage is depicted in Fig-
ure 4.7. It is shown that the modulator components and the low order harmonics
introduced by the dead time are comparable for both scenarios. These results val-
idate the assumption and demonstrate that the proposed analytical approximation

successfully achieves the dominant dynamics of the equipment when a signal with
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Figure 4.5 - Voltage waveform before the output-filter. Dead-time effects can be
seen in the highly nonlinear deformation of the model’s waveform that occurs when
the current changes its polarity.
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Figure 4.6 - Load’s voltage-waveform comparison. Processing time step = 0.1us.

multiple frequencies is used as a modulator, i.e., fundamental-frequency plus 5.6%
of 5" harmonic. Also, the proposed model can reproduce the most significant dy-
namics of the dead-time effects. The zoomed area in Figure 4.6, and high-frequency
components in Figure 4.7 show that the two scenarios predominantly differ in a

small high-frequency ripple of the converter simulation, but this value is negligible.
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Figure 4.7 - Output-voltage spectra comparison for two-level single-phase inverter.

4.3 Three-Level PWM Single-phase Inverter

Three level single-phase PWM inverter can be achieved by using the same carrier and
a shifted modulator signal for each phase-leg of a VSI. This technique is commonly
know as a unipolar PWM [12, 45]. This topology depicts some advantages, such as:
it applies a smaller 4V/a: to the switching devices when compared with bipolar PWM
technique; allows some high-frequency harmonic cancellations between the inverter-
legs as presented in [12]; moreover, a smaller output-filter stage can be designed
due to lower high-frequency components in the output voltage of a power converter.
These advantages make this modulation technique a popular choice in single-phase
PWM inverters. Therefore, this section uses the analytical low-frequency spectrum

developed in Chapter 3 to explore dead-time effects into the unipolar PWM single-
phase inverter.

4.3.1 Low-Frequency Spectrum

The analytical spectrum of the output voltage waveform for a unipolar PWM tech-
nique can be achieved by using the analytical expression of v, and introducing a
shift-phase of 7 radians to create v, [12, 15]. Thus, using (3.24), the analytical
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expression of output-voltage in phase b is found to be

1+ M cos(y + 61 + ) + M, cos(hy + 65, + )

Up— (y) = Vie > 4A$ . T
+stm <ny—ng0— §n+7r>

11— M cos(y + 61) — My, cos(hy + 6y) ; (4.4)
= Vie > 4A$ . T
- — sin (ny —np — §n>
L n=1
= QVdC — Vg—

where n =[1,3,5,7,9,...).

In (4.4) is showed that the output voltage of phase b is equal to the case of a full-
bridge two level single phase presented in Section 4.2.1. Therefore, the low-frequency
spectrum of the three-level single-phase inverter is equal to the full-bridge two-level
single-phase inverter defined in (4.3), even considering the harmonic components

introduced by the dead time and a multiple-frequency modulator signal.

4.3.2 Simulation Results

This section uses the same concept of using the proposed scenarios in Section 4.2.2
to compare the analytical low-frequency spectrum and the voltage output wave-
forms of a simulated three-level single-phase converter. The implementations using
PSCAD™ blocks are presented in Appendix D, and the principal results are dis-

cussed in the following sections.

Time- and frequency-domain comparison

The input and output voltages for both scenarios are shown in Figures 4.8 and 4.9,
respectively. Moreover, The frequency-spectra comparison of the output voltage is
shown in Figure 4.10.

It can be seen that even when the model uses only the first six odd harmonics
of the fundamental frequency, the output voltages of the inverter and the analytical
model are extremely close. As can be seen in the zoomed area of Figure 4.9, the
high-frequency ripple of the converter voltage is smaller due to the smaller 4V/d: of
the topology. This difference is also shown in Figure 4.10, where it can be seen that
the first group of high-frequency components are side-bands of the second carrier-

harmonic, where the attenuation of the LCL low-pass filter is more prominent.
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Figure 4.9 - Load’s voltage-waveform comparison for three-level single-phase in-
verter.

Similarly to the results in the last section, differences for both case scenarios are
minimal. Therefore, these results validate the assumption and demonstrate that the
proposed analytical approximation successfully achieves the dominant dynamics of

the single-phase equipment with dead time and a multiple-frequencies modulator

signal.
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Figure 4.10 - Output-voltage spectra comparison for three-level single-phase inverter.

4.4 Low-frequency model (Original Contribu-
tion)

This section presents the detailed description of the proposed simplified model based
on the analytical spectra described in Chapter 3, and used in simulations presented
by previous sections. The proposed simplified model is given by the sum of the
ideal and correction parts studied in Sections 3.2.2 and 3.3.2, respectively. Hence, a

time-function of the output voltage in one arm of the converter can be described as

1+ M cos(y + 01) + My, cos(hy + 6,)

= 4A, T
+ E Wsm (ny—mp— §n)
n=1
- (4.5)

Vag— (y) = ‘/dc

L 4A,
= Vi |1+ s4(y) + — sin (ny—ngp—znﬂ ,
nm 2

n=1

where n =[1,3,5,7,9,...).
Finally, according to (4.1), the low-frequency output-voltage model for a half-

bridge single-phase inverter is given by

Vconv (t) = Vdc

4N T

Sq(t) + E — sin (nwit —ne — =n ] , (4.6)
— nm? ( 2 )

where n =[1,3,5,7,9,...).

As shown in (4.2), the output-voltage model for a full-bridge single-phase inverter

can be define multiplying (4.6) by a factor of two.
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Proposed Model Constraints

The proposed simplified model achieves high performance, and high accuracy under

some operational constraints listed below.

e The current waveform and its high-frequency ripple should not create more
than two changes of the current polarity over one cycle of the fundamental

frequency [10] (see figure 3.4).

e The modulator signal should not over-modulate the PWM, i.e., the magnitude
of the modulator signal should be lower than the maximum value of the carrier

signal.

e The magnitude ratio of the fundamental component and the injected harmonic
should not create a modulator signal with more than two zero-crossings over

one cycle of the fundamental-frequency signal.

e The switching frequency of the power converter should be high enough to avoid

overlapping between side-band and base-band harmonics.

In practice, low-power converter applications with high power quality satisfy
these conditions, e.g., active filters and voltage source converters with harmonic-

compensation schemes.

Mathematical model implementation

The proposed mathematical model defined by (4.6) can be implemented using a
small functional code. This thesis implements the previously mentioned model using
a C-code function, as presented in Listing 4.4. (' language was selected due to the
integration capability to PSCAD™.,
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Listing 4.1 - C-code implementation of the proposed model

float pwmModel (float modulator_t, float Delta_ X, float Vdc, float
omega_l, float Varphi,int nMax)

{
/*———— local variables ——x/
float ideal;
float BOn;

float correction=0.0;
float pi=3.14159235659;

int i;

[ Mathematical model described by equation (4.6) ——— * /
ideal=Vdc*modulator_t ;
for (i=1; i<=Max; i=1+2)
{
n=(float )i;
BOn=4xDelta_X*Vdc/(n*pixpi) ;
correction=correction+B0n*sin (nxomega_l+t—nxVarphi—nxpi/2.0);

}

return ideal+correction ;

Performance comparison

High switching-frequency equipment demands small simulation time steps, and in
consequence, long simulation times, i.e., the switching frequency is normally in the
kHz order which demands simulation steps in the order of micro-seconds that leads
to an overall simulation time of several seconds for each mili-second simulated. In
practice, this fact limits the number of applications, such as a large number of
power converter connected in micro-grid systems, or slow dynamics studies in high-
frequency power converters. Thus, knowing that the proposed mathematical model
achieved equivalent results when compared with classical switching simulation, then
it is interesting to compare the performance of these two approaches.

Figure 4.11 shows the behavior of both simulation scenarios for multiple val-
ues of the simulation time step. It can be seen from this figure that the difference
between converter simulation and the proposed model is proportional to the simula-
tion time step. Moreover, only full converter model results change, and they tend to
converge to the mathematical model results. Variations on the converter results are
expected due to the calculation error produced by the differences between processing
sampling-frequency and the switching-frequency of the converter. Figure 4.11 shows

that both cases fit when a simulation time step less than one-tenth microsecond is
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Figure 4.12 - Output voltage comparison at different simulation step time: Analitical
model using 100 us and converter simulation using 0.1 us.

used.

The maximum value of the simulation time step is related to the maximum
frequency of interest in the analysis, e.g., if the objective of the study is focused
on the fifth harmonic. Then, the maximum simulation time step should be set
to guarantee proper sampling for that frequency. A simulation time step of one
hundred microseconds was selected in this work. The time-domain behavior with
the selected time step is presented in Figure 4.12, which shows that the proposed
mathematical model can achieve an equivalent result by using this larger simulation
time step.

The selected simulation time step decreases the number of evaluation points of
the simulation by a factor of one thousand, which allows for a faster overall simu-
lation time. An illustrative example of this difference was developed by simulating
three seconds for both case scenarios, and the results have shown that the proposed
model was up to one hundred thirty times faster when compared with the traditional

simulation of a switching converter.
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4.5 Conclusions

A low-frequency spectrum for two- and three-level single-phase inverters considering
dead-time effects and a multiple-frequency input was proposed in this chapter. Sim-
ulation results showed that it is possible to create an efficient mathematical model
that can recreate the output voltage of a single-phase inverter using the first six odd
harmonics of the fundamental frequency.

The proposed simplified model achieves high performance, and high accuracy

under some operational constraints listened below.

e The load’s current and the modulator signal cannot have more than two

changes of polarity in one fundamental-frequency period.

e The switching frequency of the power converter should be high enough to avoid

overlapping between side-band and base-band harmonics.

Additionally, this chapter proposed a case study of a ten kVA industrial UPS. The
results showed that the proposed model needs one thousand times fewer simulation
points, and its performance is up to one hundred thirty times faster than a tra-
ditional power electronics simulation. Hence, the proposed simplified model gives
an analytical understanding of the principal harmonics that are responsible for the
degradation of power quality and provides an option to study the harmonic distor-
tion of a power electronic converter with low computational-cost for the simulation
tool. Furthermore, the simulation results presented in this chapter confirm the the-

oretical assumption introduced in Chapter 3.

o7



Chapter 5
Conclusion and Future Works

The analytical approach developed in this thesis allows the understanding of the
effects of dead time in PWM inverters with multiple-frequency modulator signals.

All studies proposed in this thesis were based on two fundamental concepts.

1. It is possible to simplify the analytical development by restricting the scope to
the low-frequency spectra, i.e., fundamental-frequency harmonics lower than

switching-frequency components.

2. The time substitution concept, t — t — T, allows to extend the state-of-the-
art dead-time analysis using Black’s method to the case of multiple-frequency

modulator signals.

Using these two fundamental concepts, this thesis developed a mathematical
approach to understand the phenomenon under study. Several specific conclusions
were presented at the end of each chapter as a result of this analytical approach.
Moreover, recalling the question that motivates this thesis, "what are the effects
of dead time in PWDM inverters with multiple-frequency modulator signals?”, and
considering the insights shown in previous chapters, the following statement can be

made.

Dead-time effects are independent of the existence of fundamental-frequency
harmonics in the modulator signal. Nevertheless, dead-time affects an in-
jected harmonic if this is an odd integer order harmonic of the fundamental
frequency. This effect has a nonlinear relationship with the power factor of
the load. Furthermore, it is inversely proportional to the harmonic number;
and proportional to the DC wvoltage with a proportionality constant of four

over the square value of pi.

The primary constraint for said statement is that the load’s current and mod-
ulator signals cannot have more than two changes of polarity in one fundamental-

frequency period. Nevertheless, several high-power-quality power electronics appli-
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cations satisfy this constraint, e.g., voltage harmonic compensation systems, which
is the kind of application that motivates this thesis.

Results using single-phase VSIs validate the theoretical assumptions and demon-
strate that the proposed analytical approximation successfully achieves the dominant
dynamics of the power electronic converter when a signal with multiple frequencies
is used as a modulator. Furthermore, it was shown that, using the first six odd
harmonics of the fundamental frequency, it is possible to create an efficient mathe-
matical model that can recreate the output voltage of a single-phase inverter. This
proposed simplified model gives an analytical understanding of the principal har-
monics that are responsible for the degradation of power quality and provides an
option to study the harmonic distortion of a power electronic converter with low

computational cost for the simulation tool.

5.1 Contributions of this Thesis

e Two power-quality control schemes using multiple-frequency modulators were

presented at conference papers [4, 13].

e The theoretical development presented in this thesis was used as the basis to
build a Wolfram Mathematica® package application called PwmSpectra. This
application provides simple analytical and numerical functions to facilitate the
study of digital and analog PWM schemes. PwmdSpectra is published as an
open software project available to download and develop under the Academic

Free License v3.0 (AFL3) [46].

5.2 Continuing Development

This thesis has primarily focused on analog PWM inverters using multiple-frequency
modulators and restricted to a load current with no more than two changes of
polarity over one fundamental-frequency period. However, there are other important
concerns associated with the frequency-spectra of power electronic inverters. From
the author’s point of view, one natural step forward in this particular field is to
use the time substitution concept to extend the more recent advances in the study
of dead-time effects in regular-sampled PWM, see Section 2.4, and incorporate the
analysis of multiple-frequency modulator signals. Additionally, another important
aspect of the analytical frequency spectra is to include the effects of multiple zero-
crossings of non-negligible high-frequency components of the output current. This

is a common scenario in low-power-quality applications and motor drives.
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Appendix A

3-D Geometrical Interpretation of

the Carrier-Modulator Interaction
in Black’s Method (Original

Contribution)

This section proposes a geometrical interpretation of the iteration between carrier
and modulator signal in Black’s method. This interaction is straightforward in the
conventional 2-D representation of a PWM, as shown in figure A.1. Nevertheless, in
Black’s method, carrier-modulator iteration is defined mathematically by the bound-
aries functions, and its interaction becomes implicit in the 2-D unit-cell diagrams
shown in the literature [12]. The proposed geometrical representation is a didactic
way to understand the origin of those 2-D unit-cell diagrams used in Black’s method.

As shown in figure A.1, changes in the voltage level of a PWM are defined by the
moment where carrier and modulator signals are equal. This also can be represented
as a 3-D model by letting F,;(z,y) = s.(y) — c(z) be the two variable function that
takes the shape of the modulating signal s,(y) and extends it in the path formed by

the carrier signal ¢(z), as shown in figure A.2-a.

Carrier

Modulator‘ ‘  — PW]\/[‘

magnitude(p.u.)
R

o ot o I Q 4 NS o o
x (rad/s)

Figure A.1 - 2-Dimensional representation of a double-edge naturally sampled PWM.
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a) Isometric view b) Top view

‘ 3

2r|

Unit cell

Fyi(x,y)

Figure A.2 - 3-Dimensional representation of Fy,(z,y) = sq(y) — c¢(z) for a double-
edge naturally sampled PWM. This figure shows the iteration of two cycles of
the modulating signal s,(y), and two periods of the carrier signal ¢(z) in the 3-
dimensional arrangement formed by the axes © = w.t, y = w,t, and z = F(z, y).

It is straightforward to see that Fj;(z,y) =0 = s,(y) = ¢(x), i.e., the points
of the surface created by Fy,;(x,y) at a high of z = 0 represent the moments were
modulator and carrier signals have the same value. Hence, let P,; € R* : P =0 be
a xy plane at z equals zero. Then, the cutting edges of the cross-section between
P,; and F; describe the boundaries of voltage level change in the PWAM signal, as
shown in figure A.2-a. The top-view of this 3-D arrangement agrees with the 2-D

unit-cells diagram shown in the literature [12, 28, 47].
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Appendix B

Black’s Method (Equations
Definition)

This appendix defines all integrals of the double Fourier-series for each PWM scheme
presented in former chapters. Moreover, it is developed the analytical expression of
the boundary functions evaluating one cycle in the range of [—7, 7]. These boundary

functions are developed for both cases, ideal and dead-time correction.
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B.1 Trailing-Edge Naturally Sampled PWM

This section will summaries the development of the principal equations of Black’s
method for an analog PWM using a saw-tooth carrier signal and a multiple-frequency

modulator. Recalling from section 3.2, the saw-tooth carrier function is defined by
c(z):{@, —r<zr<m (B.1)

and the multiple-frequency modulator signal is given by
Sa(y) = My cos(y + 61) + My, cos(hy + 05) . (B.2)

Using the comparison of these two functions and the PWM time definition presented
in Sections 3.2.1 and 3.3.1, it is possible to define the analytical expression of the
Fourier’s coefficient and the boundary functions that allows the double Fourier-series
described by Black’s method.

Integral definition of Fourier‘s coefficient for analog PWM schemes

As presented in [12], the general expression to calculate the complex coefficient of a

double Fourier-series is given by
1 Jj(ma+ny)
Crnngigeary = 5.3 F(z,y)e dzdy (B.3)

where m and n are indices of the carrier and base-band harmonics, respectability.

Additionally, recalling from section 3.2, the output voltage is found to be

2‘/de7 xr(Q) S x S xf(y)
va—(t) = F(z,y) = : (B.4)
0, Otherwise

Therefore, for a naturally sampled PWM scheme the complex coefficients of a double

Fourier-series are given by

V T gﬁf(y)

dc j(mxz+n

Crnnsgeary = ?/ / /M) dgdy (B.5)
-7 zr(y)

Nevertheless, considering only low-frequencies, i.e., only DC and base-band harmon-
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ics. Then, it is possible to simplify (B.5) as

V T xf(y)

dc 1(n

Conuseary = —3 / / e/ drdy (B.6)
- zr(y)

Equation (B.6) represents the magnitude and phase of the low-frequency har-
monics for both carrier types in the naturally sampled PWM schemes. This equation

is used in section 3.2 to study each component of the ideal low-frequency spectrum.

Boundary functions for trailing-edge naturally sampled PWM

In trailing-edge naturally sampled PWM scheme, the rising edge of the PWM does
not depend on the modulator signal. It occurs at the discontinuity of the saw-tooth

waveform. Therefore, the rising function is found to be
x.(y)=—-m+6. . (B.7)

Moreover, the falling function depends on the carrier-modulator interaction and

can be found as

C(xf) = Szz(y)
%(xf +6.) = My cos(y + 01) + My, cos(hy + 0y) (B.8)

zf(y) = —0. + 7w (M cos(y + 61) + My, cos(hy + 64))

Integral definition of Fourier‘s coefficient for analog PWM schemes in-

cluding dead time

The effects of dead time can be included using the integral definition presented in

[10] and adapting it to match the terminology of this thesis as follow.
Cmn = Con(ideal) + Cmn(corT) ) (Bg)

where Cpp,,,,,, represents the correction in the rising and falling edges of PWM
signals due to the load current polarity.

Recalling from section 3.3, the output voltage of the correction term is found to

be
_2Vd07 xr(y) S X § X

F(corr)(xvy) = 2Vdc> l'f(y) <z< 90}(3/) N B < y < C ) (BlO)
0, Otherwise

where A = —7/2+p+601, B=7/2+p+0;, C = 31/2+p+0;, and ¢ is the phase dif-
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ference between voltage’s fundamental-frequency and the current wave-forms. The
terms z; and z’; are the correction of the boundaries in the inner integral due to
dead-time effects. Therefore, substituting (B.10) in (B.6), the complex coefficients
of the low-frequency correction term for a naturally sampled PWM scheme are given
by

/

B T, c Ty
Vi ‘ ‘
COn(CDTT> = _d2 _/ /ej(ny)dl'dy—i—/ /Gj(ny)dl'dy . (Bl].)
s
A Ty B :Ef

Equation (B.11) represents the magnitude and phase of the low-frequency har-
monics for both carrier types in the naturally sampled PWM schemes. This equation
is used in section 3.3 to study each component of the low-frequency spectrum of the

correction term.

Boundary functions for trailing-edge naturally sampled PWM with dead-

time

Using the time substitution concept presented in section 3.3.1, t — t' — T, —

x, +— 2. — A,. Thus, the rising function can be defined as
r(y)=—-nm+0.+A, . (B.12)

Moreover, t — t' =Ty = xy — 2% — A, Ay — y—A,. Hence, the falling function

of the correction term is given by

C(x/f —Ap) =sa(y — Ay)

1
= )= Mycosly — &y +00) + Mycos(hly = ) +00)
M cos(y + 6, — A
2i(y) =7 (y 2 +A, 0,
+ My, cos(hy + 6, — hA,)
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B.2 Double-Edge Naturally Sampled PWM

This section summaries the development of the principal equations of Black’s method
for an analog PWM using a triangular carrier signal and a multiple-frequency mod-

ulator. Recalling from section 3.2, the triangular carrier function is defined by
c(x) = i - . (B.14)

Using this expression and a similar procedure to that showed in Section B.1, it is
possible to define the boundary functions for the double-edge naturally sampled

case.

Boundary functions for double-edge naturally sampled PWM
Using the triangular carrier signal ¢(x) and the multiple-frequency modulator signal

Sq(y); the rising function is found to be

cn(r) = sa(y)
2

——@r = 1 = M cos(y + 61) + My, cos(hy + 6,) , (B.15)
z.(y) = —g(Ml cos(y + 61) + My cos(hy + 05) + 1)
and the falling function is defined by
p(Tr) = sa(y)
2
—ay - 1 = M cos(y + 01) + My, cos(hy + 6,) : (B.16)

zp(y) = g(Ml cos(y + 61) + My, cos(hy + 6,) + 1)

Boundary functions for double-edge naturally sampled PWM with dead-

time

Using the time substitution concept presented in section 3.3.1, t — t' — Ty —

x, +— ). — A,. Thus, the rising function can be defined as

cn(T), — Ay) = s4(y — Ay)

T

2
—;(x; —A;) — 1= M cos(y — Ay +601) + My cos(h(y — Ay) + 65)
s

2 (y) = 5 (M cos(y — Ay + 61) + My cos(h(y — Ay) +6,) + 1] + A,
(B.17)
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and the correction falling function is defined by

Cp(xlf —A;) =34y — 4y)
2
%(x} —A,)—1=Mcos(y — Ay + 01) + My cos(h(y — A,) + 6)
= g [M; cos(y — Ay + 601) + My cos(h(y — Ay) +6) + 1] + A,
(B.18)

s (y)
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Appendix C

Analytical Low-Frequency Spectra

(Equations Development)

This appendix presents the equation development of the Low-frequency spectra
shown in Chapter 3. These equations were developed using Maple™ 2019 and the
step-by-setp worksheet for each PWM scheme is shown.

Due to some compatibility issues between the terminology used in this thesis
and Maple™2019 some symbols in the worksheet were changed. Those symbols
are: Wi = Wy, th =0,, Ay = Ax, and A, = Ay.

This appdendix is divided in two main sections. Section C.1 shows the equation
development for the trailing-edge naturally sampled PWM scheme, and section C.2
develops the equations for the double-edge naturally sampled PWM.
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C.1 Maple™ 2019 worksheet for Trailing-edge
Naturally Sampled PWM

trailingEdgeNaturallySampledPwm.mw

Trailing-edge Naturally Sampled PWM

restar :
(Ideal Part)
Parameters
with( plots ) :
testParameters = | M=0.6, fo— ot go— B B o 005, ohe T 7 Vide] =1, M[f] =21 ‘
estParameters i= | M= 0.6, o= T80 % ey M_h=005 h= —o— k=71, [de] =1, M[f] =21, 0,="

30-Pi
“Pi:60, o, = o, M[f], T,=0.0001, varphi= —==, A X] = 2Pi60:21-0.0001, [ Y] = 2:Pi-60-0.0001 | :

Carrier waveform

-(x+ Qc)

e(z) =

A | =

x+ 6c

cC=x

(1

plot( eval( c(z), testParameters), z= eval( -Pi— 6¢..Pi— 6c, testParameters) )

0.5

5



Modulator waveform vo( y) = Mooa(y+ 90) +M_ h,-oos(h.-y+ Gx);

plot( eval( v| o](y), testParameters), eval( y=- Pi— 6o.. Pi-6o, testParameters) )

0.

-0.6 -

PWM Definition

The rising function can be found by 4| r|(y) = -Pi-6c: factor(z[r](y))

r—6c 3)

and the falling function g f] (y) = solve(c(z) = v[o](y),z) : factor( z[f](y))

Mecos(y+ 6o) m+M hcos(hy+ 6h) 1— 6c 4)

F(z y) = piecewise( z{r|(y) <z <z[f](y), 2 V|dc] 0)

2 Vdc x(y)=x= xf(y)
F:=(x,y) — ®)

0 otherwise
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3-D Model of the Ideal Term numContours = 2:
limits i= [eval( -rt — 8¢c..;t-6c, (edParamelers), eval'( -rt — S0..t- S, ledParmwlen), 0..3] :
numOfpoints = 150 :
gridPoints = | numOfpoints, numOfpoints| :
initialOrientation = [ 280, 40,0] :

plolSd( eval( F(z, y), testParameters), eval(z:-:t-ec..:rt — 8, testParameters), evul(y:-:t — 80..t-%,
tedParanelers) \
tours = numConlours,
onentation= mitialOrientation,
view = limits,
style = surface,
grid = gn'dPointa);

- 3n
4
L y
4
Sn
T4 T
4 4 vy L3 in
Low Frequency Spectrum of the Ideal Term
DC component
Setagrond= 2100,
egrand == 0o
A00 = int( int( Integrand, z=z[r|(y) .z[f](y) ), y=-Pi.Pi):
idealA 00 = eval( AD0)assuming h:: posint :
) idealA 00
idealOffset = —
idealOffset = v (6)
Conclusions:
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- The DC component only depends of the Vdc

Fundamental component

Integrand = %-exp(l-y) : 001 = int(int( Integrand, z= z[r|(y) ..z[f](v) ), y=-Pi..Pi);

co1 =~ (v (1Msin(80) B — Mrcos( %) b —IMmsin(80) —21M_hsin(xh) sin( o)

1
n(—1) (7)

+2M_hhsin(rh) cos( 8h) +Mrcos( %)) )

idealA 01 = evale(Re( CO1) );
idealB01 = evale(Im( CO1)) ;

idealF und tal = bine( idealA 01-cos( omega| o] £) + idealB01sin(omega| o] ) )assuming h:: posint

v, (-Mmcos(60) h*+2M_hhsin(mh) cos(6h) + M cos( v))
n(h*—1)

v, (Mnsin(@) h* — Mnsin(60) —2M_hsin(7h) sin(6h))
n(h*—1)

idealFundamental = Mv,, cos((oot+ eb) 8)

ideal AOI = -

idealB0OI := -

Conclusions:

- The fundamental component only depends of the fundamental component of the modulator signal and it is

proportional to Vdc

Base-band harmonics (n#h)

Integrand == o ] -exp(I'ny) : COn= int(int(Integrand, z= z[r|(y) ..2[f](v)), y=-

Di~9

2 (Isin(6h) n—cos(@h) h) sin(nh) M _h(—1)"v,

(h2 — "2) b

(C))

COn = -

idealA On = evale(Re( Cn) ) :
idealBOn = evale(Im( Cln) ) :

idealBaseband H ics i= bine( ideald On-cos( n-omega| o] t) + idealBOn-sin( n-omega| o|-f) ) assuming h

i posind

ideal BasebandHarmonics := 0 (10)
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Conclusions:

- The ideal case has not baseband harmonics for the frequencies different of the h harmonic.

Base-band harmonics (n=h)

Integrand = vI[J:if‘], -exp(I'hy) : COh = int( int( Integrand, z=z[r|(y) .«[f](y) ), y=

COh := ﬁ(v"‘ (1M hsin(mh) cos(mh) sin( gh) e~ h* —1?"™ K —IM_hnsin( k) " ~K°
T —

+M hmoos(h) €™ +M hsin(mh) cos( &) cos(mh) e “h* — 1M _hsin(mh) cos(mh) sin( ) "™
+IM hrsin(oh) " h +1e*"™ + Msin( 60) "™ h — M _hrcos( h) e""h

— M _hsin(mh) cos( ) cos(mh) €™ +1h% — Msin(50) h +IMcos( S0) '™ k> —1Mcos( 50) K> —1)
—Ixh
™)

idealA Oh == evale(Re( COR) ) :
idealBOh == evale(Im( COR) ) :

idealBaseband_h = combine( ideald Oh-cos( h-omega| o] t) + idealBOh-sin( h-omega| 0]-) )assuming h:: posint

idealBaseband_h = cos(h @ t + 91) (—1 )2" v, Mh

idealBaseband_h = eval(idealBaseband_h (—1)*"=1)

idealBaseband_h = cos(h , t + 91) v, M_h

Conclusions:

- the h harmonic only depends of the h component of the modulator and it is proportional to Vdc

(Correction Part)

PWM Defintion
The rising function can be found by a:[ rp] ( y) = n:[ r]( y) + Delt,a[X] : fa,ctor( z[ rp]( y) )

-n—6c+ A,
and the falling function
# fo|(y) = solve( ¢(z—Delta| X|) =v[o|(y—Delta| Y|), z) : factor( z[fp](y))

Mcos(y—Ay+ Go) 7[+M_hcos(hy—hA},+ eh) n—6c+A,

Feor(z, y) = p:'ecewiae( z[r](y) <z <z[rp](v) A-% +(p+905y<% +¢ + 80, -2 V[ de],
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2[f](v) =z =2 f](v) A% +w+905y<% +o+ 80,2 V] de],
)

LS bis
-2V, x(») Sxerp(y)and—? +¢@+60 <yandy < ?+cp+90

Fcor == (x,y) — s It (16)

2v, xf(y)SxSxﬁ,(y)and?+cp+&;$yandy<—+cp+eo

2

0 otherwise

3-D Model of the Corrected Term
numOfpoints = 250 :

zRange = ml( -t — 8. — b¢, tealPammeten) I
3.
yRange = ml{ -% +o+ eo+0.(l]l..Tn +@ + o, tutParwnetm] :

“ zTidc:=[ ml( - — &, leatPammelers) = lppuel( A 8[:]), ml( -8¢, ledParameters) = !ypeaet( -8[ c]), ml(n:
— 8¢, testParameters) = typeset(m —8[c]) | :

# yTick:=|eva

—% +@ + %0 +0.001, testParameters | = typeset( A), eval[% + @ + %0, IedParmelm]

= typeset( B), ml{ 37" + @ + %0, !edParmutm] = typeset( C) I :

zTick = [ml( -x — &¢, tedParametm) = typeset( ), ml( -9, tedParametm) = typeset( ), ml(n: - 8¢,
testParameters) = typeset( ) ]:

yTick:= lml( —% +@ + % +0.001, leatParametm] = typeset( ), m/( % + i + %0, teatParametm) = typeset( ),

ml[ 32—" + @ + %0, !u(Parnmetm} = typeset( ) I :

plotOptions i=

confours = 2,

orientation= [280, 40, 0],

style = surface,

grid= | numOfpoints, numOfpoints],
azes = framed,

scaling= constrained,

labels = |z, y, Vde],

font = | Helvetica, itakic, 16],
labelfont = | Helvetica, itakic, 16] :

#plotsetup( wmf, plotoutput = “ideal3D.wmf", plotoptions = “portrait, noborder, width=2.93in, height=2.93in") :
plotsetup( bmp, plotoutput = “ideal3D.bmp°, plotoptions = *portrait, noborder, width=4.66in, height=4.66in") :
plotldeal := plot3d( eval( F( z, y), testParameters), = zRange, y = yRange, plotOptions, tickmarks = | zTick, yTick 2],
view= |zRange, yRange, 0..2], title = "ldeal Part");

plotsetup( bmp, plotoutput = *correction3D.bmp", plotoptions = *portrait, noborder, width=4.66in, height=4.66in,") :
plotCorrection i= plot3d( eval( Feor( z, y), testParameters), = zRange, y = yRange, plotOptions, tickmarks = | zTick,
yTick 3], view= |zRange, yRange, -2..2], title = "Dead —time Carrection");

plotset ' , plotoutput = *corrected3D.bmp °, plotoptions = *portrait, noborder, width=4.66in,, height=4.66in, " )
ptharreckd = plot3d( eval( F(z, y) + Fcor(z, y), testParameters), z = zRange, y = yRange, plotOptions, tickmarks
= | zTick, yTick 2], view= |zRange, yRange, 0.2], title = "Corrected");

plotsetup( default) :
Arri= Array(1.3) :
Arr{1] = pbtldeal :
Arr|2] == pbtCorrection:
Arr[3] = pbtCorrected:
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display( Arr);

Ideal Part

Low Frequency Spectrum of the Correction Term

DC component

v de] :

Integrand i= Pia

A00 =
-'mt[ int( Integrand, z=z[r|(y) ..z[rp](¥) ), y=-% +vatphi..% +vatphi}

. Pi 3P )
+ml[ml(!n!egr¢md,z=z[f](y) .z fo](¥) ) v= 7 +varphi..T +vuphi)mumingh::yaam£, h>2:

A00 := ( ezpand( convert( A00, exp) ) )

1hay '21"" %"" 16k 1h Teh %“" 1h
Iv, M he ‘e Iv, M he® e"e'® 1Iv,Mhe e e'?
A00 -=- 2 mhdho o + T, - T,
2nhe 2nhe
31
ha -—mrxh 12 —xh -—rh
v, M he Te 2 v, Me ¥ v, Me'®el? IvdMIu-.2 el elhe Iv, M he 2 (17)
c - c c c - c -
+ Thy 16k TR 1= - + Thy 16k
2nhe"Pe neVe? xe ¥ 2rh 2nhe'®e
1 31
I 16 2™ 1k e 1
v, M he Iv, M he™e e’ v, Me%e? VM
o™ — e - o o
- + +
2nhet? ™ 2nh n ne'®e?
31 I 31 I
I Erxh —?nh ;nh A
A00 = eval| A0, |e =e ,e =e assuming h:: posint, h> 2; #corredionOﬁ'set:=T
1
ha, -—mh —xh - 1ha, =rh
Iv, M he Te Ivch_he2 gl glho Ith_heme 20 glhe Iv, M he Ye2
A00 :=- 2 h P gl + T, - Th, + 2 h ot g
2rnhe 2rnhe
1 1 1
1. = rh -=rh = rh
vchelr kae[a’el" Ivch_he2 el elhe Iv, M he z Iv, M he (18)
p— - -— + -
ne'®el? Kel“}' 2nh 2nhe? 2nhet? ™

-~ =xh
Iv, M he®e 2 "y Me'®e? v, M
de” = de de

+
ne'®el?

2nh b
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A00 = convert( simplify( A00), trig)

29p-2 h
='—h[ £2thos((0+&)) 2Mhoos((p+&)—Ay)-M_hsin(u+ﬁ]
T
2 2 h -
+Mhsm( mH20-24) +9|]+M_hsin((n+zﬂ+dl]—jv_hsin((n-;¢”+%]] (19)
simplify( A00)
29p-2 h
T:—h(vdc(ZMhoos(<p+fb)—2Mhoos(q)+&1—3y)—M_hsin(u+5h]
H,,,m(wm]+Mhsm(wm]_“m(mm]] (20)
- 2 - 2 - 2
Using the aproximation Ay
A, (21)
=0
correctionOffset = eval( A00, Delta| Y] =
correctionOffset :== 0 22)

Conclusions:

- Dead time does affects the Dc component for Trailing-edge

Fundamental component

V| de]

Integrand i= Pia -exp(Iy) :
co1 =

—inl[ int( Integrand, z= z|r|(y) .z[rp](¥) ), y=—% +vatphi.‘% +vatphi]

\

+:'nl( int( Integrand, =z f] (v) .z[fo](¥) ), y= % +\rarph.i..3fPi +varphiJ :

C01 = ( ezpand( convert( C01, exp) ) )
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ﬂ‘(‘ -ﬂ'!‘ Tha
2V, e%a V,Mhhe? &%l gl® V,Mhhe 2 e Ye¥
de X de” = de” =

co1 =- - +
b3 Zn(hl—l)e]my 2n(KP—1) o
1

A ; R s
V,Mhhe Yo 2 ¢l V“k)ll_hllew'e”'“’e2 Al V“Mhze-‘y

2_ ) e Thg Tha 2_ ) e
2n(h*—1)e™e 2x(—-1)e %y 2(K"=1)¢
31 31
— xh — h -—rxh Tha
V, M he 20 eglhe glo V.M he 2 Eglhe oy V.M he T Tele

+

+
2x(F-1)e ¥ 2n (K ~1) 2 (i —1) ® et

'%"" 1 Thay '%“" 1 1eh _1h %"" 1 (23)
V,Mhhe e? ¥V, Mhe e e? ¥V, MheTe'Te” e

- + +
2n (K —1) e 2 (K —1) ' Setho Zn(hz—l)elhy

31
5 wh - mh
v, Mhe®e"e? &h v, Mhhe ? &7 v, MK V, Mhe® et
e = e — de _ de” =

2n (K —1) 2n(—1) e 2 (P-1)e® 2 (K -1)

-3—1h ;:!h --rh 12

V, M he 2 e VJCM_heme”We Cad V, M he 2 g v, Me ¥
2 (K —1) e 2n (K —1) 2n(—1) e 2 (K -1)e®
Ip ;2 1
V.M 2V, eha, 2V, e%A,
+ 2 & 2.2 +t5
2(K*—1)¢ n (K" =1) n (K —1)

L T
-a K 1 -3 K S
C01 = simplify(eval[ co1, [e P =e? e ? =¢° IJJ

1(3.1—20 +2Ay‘|h

1 4 120 —26h)

C0l=-———| | -iM h(h+1)e 2 2 +xMh(h
(2K -2)7

1(33420—2.})’)“1 1(3—2@+2‘.‘.le‘

4 120 +26h)

12 —264)
2 2 +

—nMh(h+1)e 2 2 +xMh(h

—1l)e

(r+29-22, 1k 4 120 +26h) l37—29)h , 129 —26h) (24)

2 2 4aMhih+1)e 2 2 _nMhi(h
13z+29)h 129 +264) lim=29)h , 12 —26h)
2 2 B 2 2 .
+nMh{h+1)e +(h—lj(

—1lje

—1lje
lix+29)h | 1129 +26) TR
-Mhre 2 T 4(h+1 (e-m’an—Mrtze (& J+8el°3x]]] V‘J

collect( expand( C01), M)

v, i v, i r v v r V,Mh %‘“ " 9 p
de de ¢ de dce de” = e € €

s + + - M
(2r*-2)€® (2K -2)e®* (27 -2)®  (2K7-2)€® (21 —2) ne'ete
31 31

—xh 1hs — xh —xh
V,Mhe? e 'é? v, Mhe? "%  y Mhe? ®0e0
de” = de” = + de” =

2 _ Teh _lho Tha Thz
(28°=2) ne'™e (2,'2_2) e ¥ (2h2—2)1te “r
1
Tha —h Tha —h —xh
V, M he T2 oy V.M he T e V‘fcﬂrl_heme""’e2 e h

A

+
(2K —2) ne'® et (21 —2) ne'®ee (2 =2) ne”' Y

166 1h %“" 1 %"" 1 %“" 1
V, M he®e"e” e V, M he e h V, M he e? (25)
de _ _de _ de
(21 -2) ne”"‘"}' (2K -2) ne'®e™™ (24 —2) ne'®e?
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31 31

—rh —rh —rxh
l’ch_Iw2 el gl l’ch_he2 elelhv glo l’ch_Ile2 e h
(2K =2) = (2K -2)x (217 —2) ne'elho
1
= wh = wh = wh
Vthe2 Al lenwlxew“e"“’e2 Al 8V, PR A V, M he'®e"Pe? 0
_ e = + e - _ e X_ de” =
(247 —2) me'® e (2K -2)n (2K -2)7 (2K -2) =
19
N 8V, e" A,
(2K -2) %

A01 = evale(Re( CO1) ) :
B01 := evale(Im( C01) ) :

correctionFundamental = collect( combine( A01-cos( omega o]-t) + BOI'sin(omega| o] t) ), Pi)

correctionFundamental =

ﬁ(-Moos(mat+ @) e Vot Moos(@, 1+ 80— 1) s Vot Mcos( @, 1+ 80) ¥, —Meos( @,
1 3

+ au—Ay) Vdc) + W(M—hm(-f th+ho—hi, —o+ 9"""”0') hv,,

(3 1
~M_hcos{ 3 h +h<p—h_\.,+<o+a.—mo:J thc+M_hoos(-7 Rh+ho—hi,—+oh
1 1
+mot] thc-—M_hcos(i-nh +h<p—hAy+(p+ ﬂx-—mnt] h VJC+M_hoos(-5- th+ho+o+

—mor]hl’dc—M_heos -%Jth+h<p—<p+91+mol]thc+M_heos(%nh+h<o+<o+9!

(26)

o de

— —

- :]hr — M_hcos -;—nh+htp—<p+5ﬁ+mot]hVdc+M_hoos(-%nh+h<o—h.;\y—o+5Vx

V

+ot de

1
. +M_hoos( xh +h@-uy+q>+ah-mox] VJC+M_hcos(-77th +ho—ha,—+oh

th+hop+o+

B | w

L
2
—M_hoos(-i xh +h(p—(o+6ﬁ+motJ Vdc—M_hoos(inh +hq)+q)+dx—eant] v,

nh +h(p—h3},+(p+ al—motJ Vdc—M_hoos(
\

V

- mot de

2 2
-8h2.;\deccos(mat-q>) +8.1decoos(mgt-—<p)

(2K -2)7

)
+c)°t] Vdc+M_hoos(
)

—M_hoos(-%nh+h<p—<p+ﬁ+mﬂt) Vdc) +

As Ty<<o, AT)j<<1—=Apy=Tro, =0
correctionFundamentalAproz = factor( eval( correctionFundamental, Delta| Y| =0) ) assuming h:: posint, h> 2

4AV, cos(@ t— ¢
correctionFundamental Aprox = - X de 2( - ) 27
e

Conclusions:
- The fundamental component introduced by the dead-time is opposive direction of the current

- The arbitrary phase and magnitud of the modulator nor the carrier phase do not influence the fundamental
component of the dead-time

- Proportional to DeltaX and Vdc with a proportional constand of 4/Pi"2
- The injected harmonic do not affect the fundamental component introduced by the dead-time
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Base-band harmonics (h#n)

_ v de] _

Pi2

Cln =

-'mt[ int( Integrand, z=z[r|(y) ..z[rp](¥) ), y=-% +vnrphi..% +vnrphi]
. Pi 3P . .
+m!{m!(1nlegrmd,:=z[f](y) .z fol(¥) ) v= 7 +vnrphi..T +vatphiJasumingn::pmmL h::posind h>2:

Cln = expand( convert( Cln, trig) ) :
Jactor( COn)

' (€ (5t vasn{ 5 o -2sn{ 5 ¥
- 2sin| — | A n* +2sin ..\n—23m Ach
A (n—1) (n+1) (h—n) (h+n) 2 ) 2 2
3n 3n
+23m( n2 ]Axh2n2+l(—l) 2 hznz_\x—l(—l) »n? A —I(-1) 2 Mnn‘oos(q;)oos(.s},) sin( 5o)
+I(—l}?M_hn:nzcos(n2—h]oos[h(p)oos(éﬁ)+1[—l)?M_hztn‘cos(n2—hJsin(llqa)sin(éﬁ)

+l[—l)?‘\l_lnl:n‘sin(ﬂ

3 ]sin(h @) cos( &) +I[—l)?M_Intn‘.v.in(ﬂ

3 ] cos(h @) sin( 6h)

+I[—l)?Mrtn‘cos((p)sin(Ay) cos( &) —(—l) M hhn sm( 3

L ]eos:meos(ax)

+(—l) M hhn sm(ﬂ:2 ]sm(h(p)sm(sh)—(—l) nM_hhn%os(nTh]sin(h(p)eos(ﬁ)

— (-1)? nM_hhnseos(nz—h] cos(h @) sin( gh) — [—l]7 MK n cos( ) oos(_\),) cos( &)
- —l)7 MK n cos( ) sin(.-sy) sin( 80) — ( —1)5 MK nsin( Q) sin(A},) cos( 6o)

+(—l)?th2nsin[q)) (Ay)sm(w +(—1) thhnsm(nT]oos{h(p)oos(al)

—(—l) Mlnthns (3nh]sm(h<p)sm(6ﬁ +[—l) Mhrthn

Nl=

nh

—(—l)inM_hhnsin( sin(h @) sin( Hl)+(—l) M hhnoos( ]sin(h(p)oos(ﬂl)

+[—l)inM hhncos(

A
~| ~|,

cos(h @) sin( 6h) +(—l) M hxhn sm( 32" ]cos[h(o)cos(ﬂl)

=%
%2

z ]smmwoos(eh)
3nh

cos(h @) sin( k) +l(—l) M _hmn’ cos

+(—l) Mhn:hn oos( 2

]sin[h @) sin( gh)

3n 3n

+I(-1) B M_Intnzsin( 3;h]sin[h(p)oos(6h) +I1(-1) z M_hnnzsin(g]oos(h @) sin( gh)
3n 3n

+1(—1) 2 Mrtn‘oos((p)sin(.-s},) cos( o) —(—1) 2 M_hnhnsin(%]oos(m)oos(a-)
3= h 3= A

+(-1) 2 M_hnhnsin(”‘ ]sin(hm)sin(éﬁ)—(—l) ) M_lnthncos( = }sin[h(p)cos(éﬁ)
3s h 3s A

—(-1)2 M_hnhnoos(a%]oos(h @) sin( ) +1(—1) 2 M_hnn‘oos(%]oos(h @) cos( &)
3n 311

—(-1) T n:Mhznoos((p)oos( )oos(&)) —(-1) n:Mhznoos((p)sin(A},) sin( 50)

3n 3n
—(-1)? rl:Mhznsin(q)}sin(Ay) cos(80) +(—1) 2 thznsin((p)oos(A},) sin( 80)

—I[—l)?Mnhznzoos(q;)sin(a)) —l[—l);M_Inmzoos(H

3 ] sin(h @) sin( $h)
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—I[—l}?M_hrtnzsin(nTh-]sin(hqa)cos(éﬁ)—I[—l)?M_hnnzsin(-nz—h]cos(h(p)sin(éh)
—l[—l);Mnhznzsin[(p)oos(&))—I[—l);M_Inm‘oos(nz—hJoos[ho)oos(dl)
—I[—l) Mrn sm[(p)oos(.)},) &))—I[—l) Mnn sm[(p)sm( )sm(&))

n 3!

—1(-1)2 Mnnoos(o)eos( )sm %) —1(—1) 2 Mhnnoos(sgh

]sin[h @) sin( 6h)
3n
—I1(-1) 2 M_Intn‘sin( il

3n
]sin{h(p)oos(dl) —1(-1) 2 M_hztn‘sin(#]oos(h @) sin( gh)
3n 3n
—1(-1) ? M_hrtnzcos(#]cos[h(p)oos(éﬁ) —1(—=1) * Mnh*n’cos{ ) sin( o)
3n 3n
—1(—1) 2 Mk n*sin(p)cos(80) —1(—1) 2 M:tn‘sirx(o)oos(;\y) cos( 80)
3n n

—1(-1) 2 Mnn* sm((p)sm( )sm(&))—(—l) nMn’ cos(p) cos( 80)

+(—1)%nun’smw>sm(m) —[—1)32_.nm3mmm(aa) +(—l)37'nun’smw)sm(ao)
—(—l)gnMn’sintco)oos(Ay) sin( 80) +[—l)%rch2noos(<p)oos(&z)
—(—l)%xMhznsin[(p)sin(a;)+I(—l)%Mztn‘sin((p)oos(6b)+I(—l)%Mztn‘cos[(p)sin(éb)
+(_”’T'KM,,3WW)M(A7) cos( 80) +[_”3. mMn’ cos( ) sin(2,) sin( %)
+(-1»37.nun’smw»sin(ay) cos( &) _(_”,. mMn’ sin( @) cos(2, ) sin( 60)

3n 3n In

+(—1) 2 nMH ncos(®) cos(80) — (1) > xMK nsin()sin(60) +1(—1) 2 Mmn®sin(q) cos( )
3n n
+1(—1) 2 Mnn*cos(p)sin( o) +(—1)2 rtMn’oos(q;)oos(Ay) cos( &)

+(—l)inMn3ms[(p)sm( ) +[—l) Mn’ sm[(p)sm( )oos(&))
3n
+(-1)2 Mlnthnoos( 2 ] sin(h @) sin(h 2, sin( &)
—(-1) Mlnchnoos( : ]oos(h(p)sm hA,,) cos( )
+(—1) Mh:thncos(372th]cos(h(p)oos h.)},)sm
3nh
_(—1) Mlnthn sm( 3 ]oos(h(p)eos hAy)oos(éﬁ)
_(—1) Mh:thn sm(3;h]oos[h<p)sm hA},)sm Hl)+l[ ?n A +I(— Ax
+1[—1) n._\x—l( TRa-1(-1) % nta-1(- ’h’;x

3nh
—(=1) Mlnthnsm( ; ]sm(hw)smh.)y) cos( 6h)
3nh
+(—l) Mhn:hn sm( 3 Jsm(h(p)oos h.)},)sm
1)? Mk 37k ) Sinch h oh
—(—) mhn’ cos 5 | sin(h @) cos(h 2, ) cos( 5h)
_(_1) Mlnthn oos(s;th]sm[h(p)sm hAy)sm
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3.
+(=1)2 M hrhn oos(3 Joos(h(p)sin(llA},)cos(éﬁ)
3n

—1[—1)TM_lntnzsin(

sin(h @) cos(h A, ) cos( &)
3n

—I[—I)TM_hrtn2sin
3n

—I1(—-1) 2 M_Intnzsin
3n

—I(-1) 2 Mlntn‘

sin(h @) sm h.)},) sin( 6h)

cos(h @) oos hAy) sin(

w

h

g

,-—\/—\/—\
w
ERL

oos[lup}eos h.\y) cos( &)

(5]

")
')
")
)

A
=

—I[—l} M _hmn' cos sin(h(p)cos(ha},)sin(al)

—I[—l) M hrnsin sin(hw)oos(h.-&y)oos(ﬁ)

—I[—l) M hmn'sin sin(h (p)sin(hi),) sin( 6h)

—I[—l} M hrn'sin cos(h q))cos(llA},) sin( &) —I(—l)?Mrrhznzcos[qa)sin(Ay) cos( 80)

—I[—l) M _hmn’sin oos[h(p)sin(lx.-&y)oos(eﬁ)

—I[—l) M _hmn’ cos cos[h(p)cos(hay)cos(dx)

—I[—l) M _h7n’ cos oos[h(p)sin(hAy)sin(GVx)

3.
sin[hq;)sm(ha},)oos(dx)—l(—l) Mnhznzoos(ojsm( )oos(eb)

A A A A A A A
£ S HlE S 2 o vl

N N S N N S N

—I[—l) Mlntn cOS,

(
(
(
(
(
(
[
(

w N

A

—1[—1) M hmn'

,i

* ] cos(h @) sin(h A},) sin( g
+I[—l) M hmn sm( ]sm(lx (p)sm(h.)y) sin( 6h)

—I[—l) Mhnn =k

] sin(h @) sin(h Ay) cos( )

2
3nh .
_I[—l) Mhrtn sm( 3 ]oos(h(p)sm(h;\,)eos(dx)
5 3mh) :
—1(-1) 2 M hxn oos( ; Jsm(h(p)oos(h.&y)sm(ﬂl

—(—l)inuhhnsm cos(h(p)oos(h.)},)cos(éh

(=
(n

h
_(—l) nM _hhnsin T]oos(lup)sm hAy)sm(éﬁ)
h
+I[—l) M_hztn oos(KT]cos[h(p)sm h.&y) sin( 6h)
n 3n
nh

+I[—l}?M_hn:n‘cos(T
3-

+I(-1) Mrthznzsm(q;)sm(.)y)sm(&))+l(—1) Mnhznzoos((p)oos(Ay)sm o)

] sin(h @) sin(hA,,) (eﬁ) +I —I)TMnhznzsin((p) cos(Ay) cos( o)

3n

+1(-1) 2 M_hnn2cos(¥]eos[h(p)cos(hi}.) cos( &)
3n

+1(—1) 2 M_hnnzoos( 3;" ]oos[h(p)sm(hA},) sin(

3n
+1(—1) 2 M_Intnzoos( 3;" Jsin(h (p)sin(hA,,) cos( &)
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3n
+1(-1) 2 M_hnnzsm(3—12t"-]cos(h (p)sin(h;\,) cos( &)
3.
—(—l) M hrnhn oos( in

e

} cos(h @) oos(h Ay) sin( &h)

2
nh

+(—1) Mhn:hnsm( 3 Jcos[h(p)cosh.l},) cos( &)
3nh

+(—1) Mhn:hnsm( :21' ]oos[hq))smh;, sin( 6h)
3nh

+(—1) Mlnthnsm( ;t ]sm(hq;)smh.k},)oos(ﬂx)
3nh

—(=1) Mlnthnsm( 121: ]sm(hm)coshAy sin( &)
3nh

+(—l) Mlnthn (2 ]sm(hm)oosh.)y cos( &)

—(—l) nM_hhnsin sin[h(p)sin(h.:}y) cos( &)

A
=
~—

+(—l)7nM_hhnsin

——

sin(h @) oos(h Ay) sin( 6h)
- (—l)? nM_hhncos

—(—l)EnM_hhncos

sin(h @) oos(h Ay) cos( 6h)

,——\/—\r—\ﬁ

sin(h @) sin(h Ay) sin( 6h)
+(—l)?RM_Illln008 oos(ho)sin(h.-&r) cos( &)
- (—l)? nM_hhncos

+(—l)?1tM_hhn3sm

P N e N
A A A A A
3 ~|> S ERN ~|
f —

p—
:a~|
=

E] A A A op|d m|d efd e
~|, ~|=_ ~|, ~|, |, 2 wld

— N N

cos(h ) cos(h Ay) sin( 6h)

cos(h @) oos(h AY) cos( &)

+(—l)?nM_hhn3sm cos[hq;)sin(hay) sin( gh

—
— N

+(—l)3 nM_hhn3sin

—

sin(h @) sin(h A},) cos( )

—(—l)2 nM_hhn’sin

—
—

sin(h @) eos(hAy) sin( gh

+(—l)?nM_hhn3oos

oos(h.\y) cos( &)

—
w
B
-
S

+(—l);1tM_hhn3ws

—

sin(h @) sin(h .3},) sin( gh
- (—l)? nM_Ilhn’oos

+(—l)?1tM_hhn3ws

—

cos(h @) sin(h Ay) cos( &)

cos(h @) oos(h A},) sin( &h)

—_—— e — ——
—

+l[—])?M_hn:nzeos(n2—h]sin(h(p)cos(hdy) sin( &h)
+I[—1)%M_h1tnzsin(n2—hJ sin(h @) cos(h A,) cos( k)
+I[—l)3.Mhn cos( 3;" ]sm(h(p)oos h.l}, sin( 6h)
+I[—l)3.Mh1r.ns (:“th]mu(h(p)oosh_\7 cos( &)
+I[—l)3. M hnn sm( 32"Jsm{h® sin IIAY sin( &)
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3n
. [ 3mh ) .
+1(-1) 2 M_Intn‘sm(%]oos(h ) eos(h_\},) sin( 6h)

+I[—l)?M_Intnzsin(K2—hJ cos(h ro)oos(h;\y) sin( 6h)

2

+I[—I)EM_thn‘sin(M] cos(h (p)s'm(h.)y) cos( &) +l(—l)EMJth2n23in((1)) oos(.ly) cos( 6o

+1 —l)?MJthznzsin[q)) sin(;\,,) sin( 6o) +l(—l)3Mrthznzoos[(o) oos(Al,) sin( 80)

+I(—1 j?M_h n:n‘oos( 11:2_h] cos(h @) oos(h.)},) cos( gh) | (cos(n @) +Isin(n @))v,,

Analysis simplifying periodic terms

2,n=2..10,1]

seq[(-l)
—laL 1’ _], _11 L 1’ _I’ -1

3_n
seq[(—l) ? n=2.10, 1]

_lsIa l’ —Io _la L 1’ _I’ -1

[mh
seq[sm[ 7],h=2..10, 1]

0,-1,0,1,0,—-1,0,1,0

[ 3mh
seq[sm[ TJ’ h=2..10,1]

0,1,0,—1,0,1,0, —1,0

wh
seq[oos[ T]’ h=2.10, IJ

-1,0,1,0,—-1,0,1,0, —1

3nh
seq[oos[ T], h=2..10, 1]

~1,0,1,0, —1,0, 1,0, —1

89

(29)

(30)

€1V}

(32

(33)

(34)



3n n

Cln = fact ewl[CDn, (-1)7=(-1)-5.m(3"7"\=m("2—h].m(¥}=-m[%}mm[¥]

|

=0
1{21sin["2—“)—(—1) 2 +(—1)2] (cos(n @) +1sin(n @) Ayvy, (35,
COn = 2
ni
seq[(—l)-i,n=2..10, 2]
-1,1,-1,1, -1 (36)
seq[(—l)i,n=2..10, 2]
-1,1,-1,1, -1 (37)

For even values of n

n n

ca.,_m:,.,m{mx(ca,,I(_l)'t(_l)f ]Jmspmm

correctionBasebandHar ics_even = (;
COn_even := 0
correctionBasebandHarmonics_even := () (38)
For odd values of n
Cln_odd = faclov-[ eval[ Con, I ( —1)-E =-(-1) EH ]assuming n:: posint, n:: odd, convert( COn_odd, exp);

(S

1
2 J (cos(n @) +1sin(n @)) Av,

2
nm

2(1(-1)7-(-1)
COn_odd =
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2
niw
analysing the periodic terms:
I
Eﬂn
seq[Ie , n=1.10, 2)
-1,1,-1,1, —1
n 1
w(2-1)
seq[—e [2 2 ,n=1..10,2]
-1,1,-1,1, —1

I . [n 1)
=nn b
COn_odd = eval[ COn_ odd, lIe2 =—e 2 2 ]]

n n 1
2 (1(-1)2 —(-1)? 2) (cos(n @) +1Isin(n ¢)) Ay,

COn_odd :=

2
nm
analysing the periodic terms:
seq[I(—l)z, n=1..10, 2]
-1,1,—-1,1, —1
n 1
seq[ —(-1)? 2,n=1..10,2]
-1,1,-1,1, -1

COn_odd == eval[Con_odd, 1(-1)°

o=

|

| -
[E—
A —

-(-1)
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n

4(=1)% 2 (cos(n @) +Isin(np)) Ay,

] -

COn_odd =- - (45)
ntw
Calculating Fourier coeficient
AOn = evale(Re( COn_odd) ) assuming v, :: real, M:: real, Ay :: real, &, i real, @ :: real, n:: posin
BOn = evale(Im( Cln_odd) ) assuming v, :: real, M:: real, A :: real, A :: real, @ :: real, n:: posing
nHarmonics := AOn-cos( n-omega| o] £) + BOn-sin( n-omega| o|-£) :
corrvectionBasebandHarmonics_ odd i= combine( nHarmonics)
. nm ni .
4v,. (sm( > ) A cos(n @) + cos[ T] A, sin(n (p))
AOn :==- 2
nm
ni . nw .
4v, [—cos(T ) A, cos(n @) + sm(T ) A, sin(n @)]
BOn :=-
2
nm
. 1
4vdc;\xsm(—? nT—nQ +ncootJ
correctionBasebandHarmonics_odd = 3 (46)
nw

Conclusions:

- The arbitrary phase of the voltage does not influence the baseband component of the dead-time

- It is proportional to DeltaX and Vdc with a proportional constand of 4/Pi"2
- It is inverse proportional to the harmonic number

-The injected harmonic do not affects the baseband harmonics introduced by the dead time
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C.2 Maple™ 2019 worksheet for Double-edge
Naturally Sampled PWM

doubleEdgeNaturallySampledPwm.mw

Ideal Part
restar;
restar (1)
with( plots ) :
- Pi 45- Pi 15- Pi
testParameters = M=0.6,5b=%, = fso',M_h=o.l,sv:= 3B b=, ¥ide]=1,M[f]=21, 5, =2

180
30-Pi . :
L A[X]=2-Pi-60-21-0.0001, A[Y]=2-Pi-60-0.0001 |:

Pir60, @, =, M1, T,=0.0001, varphi = — ==

Carrier wave form

c (x) -m<x<0
C =X (2)
cp(x] 0<x<m

2
where cn(z) ==——'(:l:+6c)—1
Tt
Cn:=xH_2(x+Gc)_l 3)
T
2
and ¢ (z) = ;-(x+ 6c)-1
C ‘=X M_l (4)
L¢ T

plot_cn i= plot( eval( c[ n]( z), testParameters), z= eval( -Pi
plot_cp == plot( eval( c[ p](z), testParameters), z= eval( 0 -

display( plot_cn, plot_cp)

— 8c..0- &, tcstParamctsrs)) :
Sc..Pi-éc, lcslPammcters)) :

93



0.5

_Sno-m i n 3n
4 4 2 4
Modulator waveform v (y) = Mcos(y+ 60) + M_hcos(hy+ 6h);
vo==yl—>Mcos(y+GJ)+M_hcos(hy+9:) 5)

plot( eval( v| o](y), testParameters), eval( y=- Pi— 6o.. Pi-60, testParameters) )
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PWM Definition

2
The rising function can be found by comparing ¢ (z) =-—- (z + Bc) —1 and
iy

v,(y) = Moos(y+ 90) + M_h-cos(h-y+ Gh); and solving for x

o

2 r]() = solve(c[n](z) =v[0](v), ) : factor(2[r](v))

_Mcos(y2+eo) L M_hcos(112y+9h) L %_ec ©)

and the falling function z{f] ( y) = solve( c[ p]( z) = v[ 0]( y), z) . facwy( z[f] ( y) )

Mcos(y2+ 6o) N M_hcos(l;y+ 6h) +% —a 7

(g, y) = piecewise( [ ](y) <z =<1[f](v), V[dc], 0)

Vie X)) =x=x(y)

F:=(x,y) — ®)

0 otherwise

3-D Model of the Ideal Term numConfours = 2:
limits i= [eml( -rt — 8c..;t-6c, (eatParametera), eval'( -rt — S0..t- %, iedParnmelera), 0..1] :
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numOfpoints = 150 :
gridPoints = | numOfpoints, numOfpoints| :
initialOrientation == 280, 40, 0] :

pthd( eval( F(z, y), testParameters), eval(z:-n-ec..n - 8¢, ledParamelera), eval(y:-n: — 80..t- %0,
fea(Paramdera),

£ 4

s = numC' 5,
oneniation= initialOrientation,
view = limits,

style = surface,

grid= gn'dPointa)

1+
] =37
0.8- 4
0.6-
047 T,
0.24 4
3T 3p
4 4 vy = i
Low Frequency Spectrum of the Ideal Term
DC component
T
egrand = 0
A00 = int( int( Integrand, z=z[r](y) .z[f](v) ), y=-Pi.Pi):
idealA 00 = eval( AO0)assuming h:: posint:
) ideald 00
idealOffset = —
ideal Offset := v 9)
Conclusions:

- the DC component only depends of the Vdc
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Fundamental component

Integrand = 2L e
egrand = exp( I'y) :

C01 i= int( int( Integrand, z=z[r](y) ..z[f] (¥) ), y=-Pi..Pi) :

ideald 01 = evale(Re( CO1) );
idealB01 = evale(Im( CO1)) ;

idealF und tal i= combine( idealA 01-cos( omega| o] £) + idealB01sin( omega| o] {) ) assuming h:: posint

v, (~-Mmcos(60) h*+2 M_hhsin(mh) cos(6h) + M cos(€0))

idealA01 := -
n(h*—1)
v, (Msin(60) h’ — Msin(@) m—2M_hsin(7h) sin(6h))
ideal BO1 := - 2
n(h"—1)
idealFundamental = Mv cos( @ t+ QJ) (10)
Conclusions:

- the fundamental component only depends of the fundamental component of the modulator signal and it is
proportional to Vdc

Base-band harmonics (nzh)

integrand = L% exp( 1
egrand == —— exp(I'ny) :

Con = int( int( Integrand, z= z[r](y) -=[f](¥)), y=-Pi.Pi)assuming n :: posint:

ideald On = evale(Re( Cln) ) :
idealBOn = evale(Im( Cln) ) :

idealBaseband H ics i= combine( ideald On-cos( n-omega| o] t) + idealBOn-sin( n-omega| o|-f) ) assuming h
i posint
ideal BasebandHarmonics := 0 (11)
Conclusions:

- for the ideal case there is not baseband harmonics for the frequencies different of the h harmonic.

Base-band harmonics (n=h)

Integrand = %exp( I'hy):
Coh = iut( int( Integrand, z =z r|(y) .z[f] (v) ), y=-Pi ..Pi)asuming n::posint:
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idealdA Oh == evale(Re( COR) ) :
idealBOh = evale(Im( COh) ) :

idealBaseband_h = combine( ideald Oh-cos( h-omega| o] t) + idealBOh-sin( h-omega| 0]-) )assuming h:: posint

idealBaseband_h := cos(h @, t + €h) (—1 v, M h (12)

idealBaseband_h = eval(idealBaseband_h, (—1)*"=1)

idealBaseband_h = cos(h w,t + 6h) v, M_h (13)

Conclusions:
- the h harmonic only depends of the h component of the modulator and it is proportional to Vdc

(Correction Part)

PWM Defintion
The correction on the rising function can be found by

2 rp](y) = sobve(¢[n](z —Delta[ X]) = v[o|(y— Delta[ Y]), z) : factor(z[ rp|(v))

_Mcos(y—sz+Go)7t B M_hoos(hy—zhAy+9h) T _% Cea, (14)

and the falling function

2 fp](v) = solve([p](z—Delta[ X]) = v[o](y —Delta[ Y]), z) : factor( <{fp](v))

Mecos(y — A, + 6o M heos(hy—h A, + 6k
cos(y—8y+60) M hoos(hy—hdy )"+£_GC+AX (15)

2 2 2

Pi Pi
Feor(z, y) = pizcewiae[ z[r|(y) £z =<z[rp|(y) A—; +q>+9o$y<? + @ + 8o, - V[ de],

Pi 3-Pi
z[f](y) £z =z fo](v) A?+<p+905y<7+<p+90, V]de],

\

‘)

-V x(y)=x=x

n n
fe (y) and P & _yandy < P &

Feor = (x,y) = b
Vie xf(y) <x= xﬁ,(y) and 2

0 otherwise

3n (16)

+¢+60<yandy < 2 +o+6
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3-D Model of the Corrected Term numOfpoints = 250 :

zRange = ml( -t — 8. — b¢, tedParametm) I
3.
yRange i= ml[ -% +o+ eo+0.om..T" +@ + %o, ledParamelm] H

# zTick:=[ ml( - — &, leatPammdm) = lypml( - - e[c]), ml( -8¢, leatPammetm) = typeaet( -8[ c]), ml(n:
— 8¢, testParameters) = typeset(n —8[c]) | :

# yTick:=|eva

—% +@ + %0 +0.001, testParameters | = typeset( A), m{% + @ + %0, iedParametm]

= typeset( B), ml{ 32—’: + @ + %0, !ea(Parmuth = typeset( C) I :

zTick = | eval( -n — 8¢, testParameters) = typeset( ), eval( - 8c, testParameters) = typeset( ), eval(m —
testParameters) = typeset( ) ]:

yTick:= [ml( —% +@ + % +0.001, leatParametm] = typeset( ), ml( % + i + %0, tedParameth = typeset( ),

em{ 32—,' + @ + %0, !ealParmutm] = typeset( ) I :

plotOptions = confours =2, orientation= [280, 40, 0], style = surface, grid= [ numOfpoints, numOfpoints], azes
= framed, scaling= constrained, labels = |z, y, Vde|, font = | Helvetica, itakic, 16], labelfont = | Helvetica, itakic,
16] :

#pbl&clup(wmf pbtautput “ideal3D.wmf", plotoptions = "portrait, noborder, width=2.33in, height=2.93in") :
lotset bmp, btoutput = “ideal3D.bmp°, plotoptions = portrait, noborder, width=4.66in, height=4.66in" ) :
pbﬂded = plot3d( ml( F(z,y), testParameters), z = zRange, y = yRange, plotOptions, tickmarks = | zTick, yTick 2],
= [zRange, yRange, 0..1], tifle = "Ideal Part");

plotsetup( bmp, plotoutput = *correction3D.bmp", plotoptions = “portrait, noborder, width=4.66in, height={.66in," ) :
pthanecﬁon = plot3d( eval( Feor( z, y), testParameters), z = zRange, y = yRange, plotOptions, tickmarks = | zTick,
yTick 3], view= |zRange, yRange, -1..1], title = "Dead —time Carrection");

plotsetup( bmp, plotoutput = *corrected3D.bmp*, plotoptions = “portrait, noborder, width=4.66in,, height=4.66in, ") :
plotCorrected = plot3d( eval( F(z, y) + Feor(z, y), testParameters), z= zRange, y = yRange, plotOptions, tickmarks
= | zTick, yTick 2], view= |zRange, yRange,0..1], title = "Corrected");

plotsetup( default) :
Arri= Array(1.3) :
Arr{1] = plotldeal :
Arr{2] = pbtCorrection:
Arr[3] = pltCorrected:

display{ Arr);

Ideal Part Dead-time Correction Corrected

Vde 1de Vae

DC component
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v| de]
Pi*2

Integrand i=
A00 =

—int( int( Integrand, z= z|r|(y) .z[rp](¥) ), yz—% +varphi.‘% +varphi)

3\

Pi 3P
+int(in((1ulegrmd,z=z[f](y) .z fol(v) ) v= 7 +varphi..T +varphiJa.mumingh22pauinl,h>2:

A00 = factor( expand( convert( A0D, exp) ) )

A00 =

1 31 a1 I
I ( ST ke 2 aen? | [ kg2 gen? T 0 Ay -FEh g ”""yJ thay )
T Mhl-e (") (") + (") (') e +e e —-e’ e (e -1)v,

Tha
h elhq) el&e Y

I 31 31 I
-3 Th 3 2 2 . A00
A00 == eval| A00, |e =e e =e : correctionOffset :== >

correctionOffset := 0

Conclusions:

- the dead time does not affects the Dc component

Fundamental component

V| de]

Integrand i= Pi2 exp(Iy) :
01 =

-iﬂl( l'nl( Integrand, z= z[ r]( y) ..z[ m](y) ), y=-% +varphi..% +varphi]

+hl[ int( Integrand, z= z(f| (y) .z[fp](v) ) v= % +vnzphi..% +vnrphi) :

C01 = ( ezpand( convert( C01, exp) ) )

1 31 1
= mh Tha Tha -—rwh -5 wh
V,Mhhe®e® e ¥ ¥, Mhhe®e Te ? V, Mhhe®e * 0™

co1 +=- +
2_ The l6h 2_ Thy l6h The,
4(hF"—1)ne"e 4(hF"—1)ne"e s(F-1)me ¥
31 1
= wh 12 = xh Tha - xh
Vdc‘\l_hhe""e”'°ew'e2 Vchhze ¥ thﬂr!_he["e2 e T Vch_hhe[“e2
- - - +
a(F-1) ne“'“r 2(K—1)e® 4 (K —1) o' 4 (K —1) o'
Tha L1 -ﬂ'd -l':h
v, Mhe®e Te ? v, M hhe®e 2 v, Mhe'We 2 hvel®
c _ c - c
4 (K1) netv ™ 4 (K —1) netv ™ a(B-1) n,e"'""l'
I '%“" lhy 16 Ip lho J6h 2 " lp lhy 16k %“"
V, Mhe®e e?eh  V,MheTe'Te e V, Mhee' e e h
- 2 _ Th, 2_
4 -1)n s(F-1)me ¥ 4(F-1)x
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(18)
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31

I I
—xh -—rh -—mh
v, M V, M he'®e? vV, Mhe'®e ? V, M he'Pe 2 0™
_ e + de” = _ de” = de” =
2(P-1)e®  4(RP-1)ne"e®  4(K—1)ne"e® 4(F-1)x
31
5 ©h 1s
Vch_hel“’ ehvelfie? vV, Me ¥ VM 4Vdcel°h2.3x 4Vdcel°.3x
- - + - -
4(F-1)n 2(P-1)e®  2(F-1)*  (B-1)F (F-1)<

I 31 31 I
-snh — nh -—5=nh S nh
Co1 = simphfy(eval( Co1, [e 2 =e? e 2=t DJ

—I(-A_+&
V. (ane "y )—ane"”’-selux) 0
01 = (20)
27
collect( expand( C01), M)
L\Y 1o
Vac ® Vae |, Ve 5 @1)
19 A 1@ - 2
2e 2e b
A0l = evalc(Re( COI)) ?
B01 = evale(Im( CO1) ) :
correctionFundamental = collect( combiﬂe(AOLocs(omegal o]-t) + 301~sin(omega[ o]~l) ), Pi)
Mcos(w t+6o—A )V Mecos(w t+60) V 4AV, cos(@ t—
correctionFundamental := ( - P Y) £ _ ( - 2 ) ‘- — 2( . ) (22)
3
As Ti<<o, ATy<<1—=Ay=Tru, =0
correctionFundamentalAproz = eval( correctionFundamental, Delta| Y| =0)
4AV, cos(@ t—
correctionFundamental Aprox = - X de 2( - ) (23)

T

Conclusions:
- the fundamental component introduced by the dead-time is opposive direction of the current

- the arbitrary phase and magnitud of the modulator nor the carrier phase do not influence the fundamental
component of the dead-time

- it is proportional to DeltaX and Vdc with a proportional constand of 4/Pi"2
- the injected harmonic do not affect the fundamental component introduced by the dead-time

Base-band harmonics (h#n)
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Integrand = [d] exp(I'ny):
Pit2
Cln =

-iﬂl[ int( Integrand, z= z|r|(y) .z[rp](¥) ), y=—%— +varphi..%— +varphi)

. Pi 3P . .
+m¢[m((IMegrm¢z=z[f](y) .z fol(v) ) = 7 +vnrphi..T +vnrphi]uumingn:2pum(, h::posink h>2:

COn = expand( convert( Cln, trig) ) :
factor( COn);

— L (( 21(-1) ZAR+21(-1) 2 AR +41(-1)7 A K
2nn(n—l)(n+l){h—n)(h+n)
—41(—1)?Axn2—21[—l) Axn +4I[—l) Axn —IMnoos(&J)(—l) oos[q;)sm(.sy)n‘
+IMsin(&7)n(—l) cos((p)cos(.)y)n +IMsin( %) (—l) sm(q))sm(.),,)

+IMmcos( o) (—l) sm(q))eos( )n +IM Inteos( nzh ]oos(é&)oos(h ) (—l)_ioos(hiy) n'

wh | . 7.
+IM_hrtoos(T] sin( 6h) cos(h @) (—1) 2 sm(h.&y) n'

+IM hn:sm( zh]cos(éﬁ) sm[hq))(—l) (hAY) '
+(—1) 2 M hrxhn oos( nzh ]sin(hw)oos(hay) cos( &)

+(—l) Mhn:hn cos sin(h @) sin hAY sin( 6h)

2
T

B

—(—l) Mlnthnoos cos(h @) sin "'\r cos( &)

3
T

B

(5
[
+(—l) Mhn'hnoos(T
—(—l) Mhn:hn sm(nz—h cos(htv)ws"-ly) cos( &)
(n
[

E

3
)
]oos(hq;)cos h.)y)sm( )
)
]oos(h(p)sm hAy sin( 6h)

2
—(—l) Mlnthn sin Kz—h]sin(hqp)sm(hay)oos(dx)
_IM_hn:cos( 3 ]cos(éﬁ)sm(h(p)[—l) (hAY)

—IM_hrtoos(nz—h]oos(Ql)oos[hqa) (-1) 2 cos(h o)’

—IM_hn:oos(-nz—hJ sin( k) cos(h @) [—1)'%sm(my) ”

—IM_hnsin("z—"] cos( k) sin(k @) (—1)_%003(113,) ”

_1M_hrtsin(n2—h]sm(ﬂl)sm(h Q) (—1) % (h.\y)

—lu_hnsm("z—"] sin( 6h) cos(h @) (—l)-%cos(h.«ly) ”

—w_hnoos("z—"]sm(ax)sin[m) (—1)'%003(;;3,) n —1Msin(%) x(—1) E ? cos(p) cos(2,) K n”

~|. —

—IMsm(éb)zt(—l) sm[w)sm(Ay)hznz—anoos(éb)[—l) sin[q:t)oos(;\),)hzn2
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+IMmcos( o) (—I)_? cos( @) sin(;\,,) »n? +IM_Intsin( X%

T] sin( 6h) sin(h @) (—l)-%sin(hay) n*
]sm oh) cos(h ) (—1) > . cos(ha,) n'
sin( %) sin(h @) (—1) 2 g cos(h o)’
cos( 9h) cos(h ) (—1) 2 g sin(ha)n’

cos( &) sin(h @) (—1 )-F sin(h.f&},) n'

+1IM_hmcos

cos( k) cos(h ) (—1) 2 sin(h2,) n'

0|
(
o
-
(
[
|

A A A A A A A
"’|=~ “l:- "'|=- N|=- "'la- R

—IM hmsin

—IM hmcos Sh) cos(h @) (—l)—%n‘—lM_hnsin( "2" ]oos(ah) sin(h @) (—1)_%
—1IM hrsin ]sm oh) cos(h ¢) (—1) T -m_hnoos(“z—"]sm(ax)sm(ho) (-1)'% ?
+21(-1) 2 n ? A, —1Msin(%0) m(—1) .oosw)n  —IMrcos(%0) (—1) .smto)n
—21(—1)37.11‘3){—21(-1)3;h’_\x+21(-1) Axhznz—-tl(—l)%AXthZ

+IMsin(60) x(—1) 2 cos(q) K n? +wncos(ao) (=1) 2 sin(q) K n?

+1Mhrtoos( nzh]sin(eh)sin[h(p)(—l) n +1Mh1toos( 1t2h] (dt)oos[hq))(—l)_2 ?
. [ mh . '% 2 [ mh) . '% 2
+IM_hrtsm(T] cos(6h) sin(h @) (—1) “n +IM_hrtsm(T] sin( 6h) cos(h @) (—1)

+(=1) .Mlnthn sm( ’tz" ]sin(hq))oos(llay) sin( k)
+(—l)-?M Inchnsin( oos(h(p)cos(hAy) cos( &)
+(-1) Mhn:hnsm cos(h ) sin(h 2,) sin( 5h)
+(-1) 2Mhrthnsm sm(ho)sm(h;,)eos(ﬁ)
—(—l) Mlnthnsm sin(h @) cos(h A, ) sin( 9h)
sin(h @) cos(h A, ) cos( &)
—-(-1) 2Mhn:hnoos sm(h(p)sm(h.sr)sm(dx

+(—l) Mlnthnoos cos[h(p]sm(h.l},)oos(dl)

3n

] El ] E A A A A
~|a_ Nla_ Nla. ~|a_ ~|=_ N|=' ~|=_ Nl"

— e e e e e e

(
(
(
—-1 Mhnhneos(
(
(
(

2 2

—(-1) Mlnthncos cos(h ) (h;\,) sin(6h) +21(—1) 2 Kn? A,

+(—l) ? Mrn® cos( @) cos(Go) — (—1) 2Iblrtn’siu(qa)sin(&))
3n 3n

_(—I)TM_hn:hneos(372th]sm(h(p)oos(dx)—(—l) Mhnhnm(#]m(ﬁo)sm(ﬁ)
3n 3.

+(—I)TM_hnhn3sin( B;h ]cos(hq))eos o) +1(—1) > M hnn‘m(#]m(bo)m(éﬁ)
> BRhJ 3.

+1(—1) 2 M_Intnzoos( sin(h)sin(h) +1(—1) > M Intnzsin( Ik ]sin[lxq;)oos(dx)
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3u 3n
+1(—=1) 2 M hnn sm(:“th cos(h @) sin(&h) —1(—1) 2 Mmh®n*sin(@) cos(%0)

)
3. 3n
—1(—1) 2 M hnn oos(sgh]sm(ho)sm(dl)—l(—l) M hnn sm(3;h]sin[hq>)oos(eﬁ)
T h T h
—1(-1) > M hnn .~3m(372t ]oos(h(p)sm dx)—l(—l) M hmn m(%}m(bo)m(ﬂx)

3n

—1(—1) 2 Mrh*n*cos(¢) sin(80) +l(—l) M:tn‘eos[(p)sin(iy) cos( 80)
3. 3.

—(=1) Mnhznoos((p)oos( )oos(éb) —(=1) Mnhznoos((p)sin(a},) sin( 50)
3n 3n

—(-1)? Mrthznsin(q)}sin(iy) cos( o) +(—1) 2 Mnhznsin((p)cos(ay) sin( go0)
3n 3-

—(-1)?2 M_Inthn’sin( ] sin(h @) sin( &) +(—1) Mhrtlmsoos( 3;" ]sin(hcp)oos(dl)
Jn 3:1

+(—1)2 M hrhn oos( Jcos[h(p)sm gh) —(—1) Mhnhnsm( 3;" Joos(h(p)oos(ﬂl)
3n 3n

+(-1)? M_hrthnsin( 3 =¥ ]sin(hq))sin(éﬁ) —1(-1) 2 Mnn‘sin((p)cos(;\,) cos( &)
3. 3.

—1(=1) * Mxn'sin(o)sin(a,)sin(8) —1(=1) * Mmn"cos(o) cos(4,) sin( )
+(=1) % xR nsin(o) sin() = (1) % M cns0) cos{ ) cos( )

— (=1)"% M cou() sin{ ) sin(0) — (1) 2 M sin0) sin( ) os( 0)
+(-1) .Mnn *sin( ) cos(2,) sin(8) — (=1) .Mnh’noostco}oos(ao)

+(—1)-5M_hnhn3sm( 2" ]oos(h ) cos( ) — (—=1) 2 M hrhn’sin

nh

—

"2—") sin(h @) sin( 6h)
-7 . h
—-(-1) M_hn:hnsm(

] cos(h @) cos( )+[—l)2Mthhnsm(nT sin(h @) sin( 6h)

I“ “I

+(—l)-EM_hn:hneos( ]sm(h(p)eos +[—l) M_hnhncos(nz—h]oos(h(p)sm(éh

—(—l)_2 M_h:thn’oos(nz—h

]sin(h @) cos( &) —(—l)_?ﬂr!_lnl:hn:’oos(M

3 ] cos(h ) sin( &)

+(—l) Mnhzncos((p)oos( )oos(&))+(—l) Mnhznoos((p)sin(a},)sm(a))

(—l) Mnh2nsm(q))sm(.)},)cos(&7)—(—l) Mn:hznsm((p)oos( )sm(&))

3n 3n

—(—1) 2 Mnn’cos(@)cos(%) +(—1) 2 Mmn'sin(q) sin( o)
3n 3n

+(-1)2 Mn:nsoos(q;h)oos(.s},) cos( o) +(—1) 2 Mn:n’oos((p)sin(.&},) sin( S0)
Ju 3n

+(—1) 2 Mnn’sin(qp) sm(A},) cos(80) — (—1) 2 Mnn’sin(g) cos(A},) sin( 80)
3n 3n 3n

+(—1)TMnh2noos[o)oos(&J)—(—I)TMJthznsin((p)sin(&J)+I[—l)TMrtn‘sin(<p)oos(6b)
3n 3n
+1(—1) 2 Mnn®cos(p)sin(0) —1(—1) 2 M_hn:n‘oos( 3k
IJT'Mhh.hth i inh . il 9
+(—1) _hhnsin| == | cos( (p)sm( Ar)sm( )
3.
+(—1) Mlnthnsm(”h

] sin(h @) sin(h A},) cos( o)

] sin(h @) sin(h A},) cos( 6h)
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3nh
—(=1) Mhn:hnsm( :21: ]sm(hcp)cos IlAY)sm(éh)
3nh
+(—1) Mlnthnoos( ;[ ]sm{ho)oos hA,,) cos( i)
3nh
+(-1) Mhn:hncos( th ]sm[htp)sm h.)},) sin( 6h)
3nh
—(=1) Mlnthneos( ;t ]oos(h(p)sm h.l,,) cos( 6h)
+(—1) Mhrthnoos(h;h]oos(h(p)oos h.&y)sm
3nh
_(—1) Mlnthn sm( 72': ]cos(h(p)cos hA},)cos(éﬁ)
+(—l) Mlnthn sm(sgh]sm(hw)ws h.sy) sin(

1) 2 M hrh 3%k ) Sinch h Y
-(—» i cos| 222 | sinih 9) cos(h 2,) cos( )
_(—l) M hmhn oos(3’2thJsm(h(p)sm hA,,) sin(

1 Mh h 37 1 cosh h E

(—) xhn’ cos 3 cos| (p)sm Ay)oos( )
T 3xh
—(-1)? M_hn:hnscos( 2 Jcos[h(p)cos h.),,) sin( &h)

3n
+1(—1) 2 Mrthznzsmw)oos(.-&r) cos( &)
3.
—(=1) 2 M hrhn sm( 3;" ]oos[h (p)sin(h.&y) sin( 6h
3n
—(-1) 2 M_hnhn’sin( 3 =k

] sin(h @) sin(h Ay) cos( &)
+1{ —1)32_.Mrth2nzsh1(<p) sin( 4, ) sin( %) +l(—1)3T.Mnh2nzoos(q)) cos(,) sin( %
—1{ —1)32_.M_hnn‘sm(¥J cos(h @) sin(h 2, ) cos( k)
—1(-1 )%Mnhznzm((p) sin( 4, ) cos( %)

3.

+I1(—=1) > M_hnn'sin

sin(h @) cos(h A, ) cos( &)

—1(—1) 2 M hnn oos( ;hJsm(h(p)oos h.ll,)sm
3n
3nh
—1(-1) > M hnn sm( ;t ]sm[hq))cos h.s},) cos( &)
3u
3nh
—1(-1) 2 M hnn sm( 7; ]sm[h(p)sm hAY) sin( &)
3. A
—1(—1) 2 M hnn sm(:hzt ]oos(hq;t)oos h.&y)sm
5 3xh
—1(-1) > M hnn oos( 3 ]cos[hq)}oos hAy) cos( 6h)
3- 3h
—1(-1) 2 M hnn oos( ; ]oos[lup)sm h.sy)sm
3:1
3nh
+1(—1) 2 M hnn sm( th ]oos(h(p)sm h.)},) cos( &)
Ju
+1(—1) 2 M hrn oos(3;h]sm(h(p)eos hA},)sm
3. (3nh]
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3n

2 L[ 3mh ) . . .

+1(-1) 2 M_Intn‘sm( 7; ]sm[h opsm(hiy) sin( &)
= 3nh

+1(—1) 2 M_Intn‘sin( 3 ]oos(h (p)oos(hsy) sin( 6h)
- 3nh

+1(—1) 2 M_Intnzoos( 3 Jeos[h ) oos(h.l},) cos( &)
- 3nh

+1(—1) 2 M_hnnzoos( 3 ]oos(ho)sin(hiy) sin( 6h)
+ 3nh

+I1(-1) 2 M_Intnzoos( 3 ]sin(h (p)sin(h.)y) cos( i)
5 3xh ]

+ —[)TM_h Jthnsin( cos(h @) oos(h.sy) cos( &) | (cos(n @) +Isin(n @)) v,

Analysis simplifying periodic terms

seq[(—l)_i,n=2..10,l]
—lala 11 —L —laL 15 —L -1
3n
seq[(—l) 2 ,n=2..10,1]
_I’L 1: _]a _I,L 1’ _L -1
[mh
seq[sm[T],h=2..10,l]

0,-1,0,1,0,—1,0,1,0

. wh
seq[sm[ 2 ), h=2.10, 1]

0,1,0,—1,0,1,0, —1,0

w

T h
seq[oos[ T]’ h=2..10, IJ

~1,0,1,0, —1,0, 1,0, —1

], h=2..10, 1]

-1,0,1,0,—-1,0,1,0, —1

[ [37th
seq| cos
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3n n
COn = factor| eval| COn, (—1)T - (—l)-a,oos[?] =cos[%],sin[3%h] =—sin[n2—h] ]]
—ZI(cos(n(p)+Isin(n<p))[(—l)-i—(—l}i]Axvd (31)
COn = 3 <
nw
seq[(—l)-i,n=2..10,1]
seq[(—l)i,n=2..10,lJ

For even values of n

Cln_ even = factar( eval{ Con, l ( —l)_ Po(-1)? IJ ]; correctionBaseband Harmonics_ even =

COn_even := 0

correctionBasebandHarmonics_even = 0 (34)

For odd values of n
Cln_odd = factor(eval(COn, l ( —l)-7 =-( —l)i ]),
convert( Cln_odd, exp);
AOn = evale(Re( COn_odd) ) assuming v, :: real, M:: real, Ay :: real, A, i real, @ :: real, n:: posing
BOn = evale(Im( Cln_odd) ) assuming v, :: real, M:: real, A :: real, A :: real, @ :: real, n:: posing

nHarmonics i= AOn-cos( n-omega| o]-t) + BOn-sin( n-omega| o|-£) :
correctionBasebandHar ics_odd = combine( nHar ics)
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n

41(cos(n o) +1Isin(ng)) (—1)7 A Vie

COn_odd =

4v, (cos(nz—n] A cos(n @) —sin( "2—n) A sin(n @)J
BOn =

2
nmn

1
4Ade_sin(—7 nn—n<p+ncoatJ
2

nw

(35)

correctionBasebandHarmonics_odd :=

Conclusions:

- the arbitrary phase of the voltage does not influence the baseband component of the dead-time

- it is proportional to DeltaX and Vdc with a proportional constand of 4/Pi"2
- it is inverse proportional to the harmonic number

- the injected harmonic do not affects the baseband harmonics introduced by the dead time

Ideal VaN

ideal_1| aN| == idealOffset+ idealFundamental + idealBaseband_h

ideal v, = vdc+Mv‘kcos(coot+ 90) +oos(h tw + Gh) v M_h (36)

Correction VaN correction_v| aN | := correctionOffset + correctionBasebandHarmonics_ odd

. 1
4Ade£sm(—? nmn—n <p+n0)0t]
correction_v _,, ‘= 3

aN
nmn

(37)

VaN o[ aN| = ideal_v| aN| + correction_v| aN|
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1
4Axvdcsin[—— nn—n <p+ncoat)

Vo = Vg + M, cos(a, t+ 60) +cos(h t o, + 6h) v, M_h+ 2 (38)
nm
Ideal VDN ideal_uf bN | == eval( ideal_+| aN], |, t= o, t+ Pi, ko, t=hao, t+ h-Pi|)
ideal vy, =v, —Mv, cos((oot+ 6o) + oos(h tw,+mh+6h)v, M h (39)
Correction VbN
correction_v| bN | = eval( correction_v[ aN], [n- o t=na,t+ nvPi])
4A in[+ nr— + t
' l,‘,vdcsm(2 nt—no+nw, ) “0)
correction_v,,; ‘= 2

niw

Ideal Vab
ideal_1| ab| == ideal_v| aN| — ideal_v| bN|

ideal v, =2Mv, cos((oot+ 60) +oos(h to + 611) vch_h—cos(h tw +mh+ Bh) v M h (41)

seq( -cos(htw,+m h+6h), h=3.9 1)

oos(3 o t+ 9!), -003(4 o t+ SVI),oos(S o t+ SVI), -oos(6 o t+ 9!),008(7 o t+ 5&), —oos(S o t+ SVI),

oos(9 @+ Sﬁ) (42)
ideal_f ab] = ( simplify( eval( ideal_v{ab), [htw,+ 6h=whtw,+7 h+ 6h=u+m h|)) )assuming h:: posint
, M heos(u) ((—1)"—1)
ideal v, =2 | Mcos(®, t+ 60) — 5 Ve (43)
seq( (=1)"—1,h=1.9,1)
-2,0,-2,0,—-2,0, —2,0, —2 44)
idealOdd_v| ab) == eval ideal_+ab), | (—1)" —1=-2, u=hto,+ &)
idealOdd v, =2 (Mcos(coot—%- &;) +M_hcos(h tw,+ Gh)) Vie (45)
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Appendix D

PSCADTM Simulation Diagrams

This appendix shows the implementation of all simulations performed in this thesis
using PSCAD™ blocks.
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Appendix E

PwmSpectra Package

Using the theoretical development presented in Chapter 3, a Wolfram Mathematica®
package application called PwmSpectra was built. This application provides simple
analytical and numerical functions to facilitate the study of digital and analog PWM
schemes. PwmSpectra was published as an open software project available for down-
load and development under the Academic Free License v3.0 (AFL3) [46].

This appendix details the structure and provides several examples of PwmSpectra

applications.
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E.1 PwmSpectra Details

PwmSpectra is an open project of a Wolfram Mathematica® package application
developed to provide a quick and straightforward framework for studying analog

and digital PWM schemes. The principal characteristics are listed below:

e Test Driven Development (TDD) with up to one hundred and ten built-in

unit-tests.
e Numerical results for a set of harmonic components.
e Analytical expressions for the low-frequency spectra of analog PWM schemes.

e Analytical boundary expressions for Naturally and regular sampled PWM

schemes.

e Plot function to understand the numerical distribution of the samples used by

the numerical integration method.

e Vectors plot of the ideal, correction, and corrected terms for a specific compo-

nent.

e Multiple spectra of a selected PWM scheme for a linear variation of any pa-

rameter.

e Multiple plots of the behavior of each component for a given parameter vari-

ation.
e Export analytical expression to MATLAB® symbolic toolbox.
e Pre-defined single- and multiple-frequency test case scenarios.
e Dark-mode option in all plot functions.

o PwmdSpectra is available for download and development in a GIT public repos-

itory, https://github.com/jrgcaicedo/PwmSpectra.

e license: Academic Free License v3.0 (AFL3).

The initial diagram of the architecture of PwmSpectra and an illustrative example

using this package application is shown in the following sections.
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E.2 UML Diagram V1.0
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Figure E.1 - UML diagram of PwmSpectra V1.0.
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E.3 Wolfram Mathematica® Notebook of
PwmSpectra Examples

Analytical harmonic study of PWM with Multiple-frequency input and dead-time

In[703]:= << PwmSpectra’

In704:= Remove["Global "
= PWM Definition set-up

Attributes
Auxiliary Functions

Main Constructor

In[714]:= setPwmModulation[DoubleEdgeNaturallySampled];
setTestCase[multipleFrequency];

setIntegrallLimits[idealPwm];

m  Numerical Analysis
Calculating the magnitude of the corrected fundamental-frequency component.

In[717:= ClearAllSymbols[];
setPwmModulation[DoubleEdgeNaturallySampled];
setTestCase[multipleFrequency];
callTestCase[];

TestParameters|[];
m=0;
n=1;

correction = CalculateCorrectedCmnValue[] // Norm

Out[724]= 0.642253
Calculating ideal spectra values.

In[725]:= Table[mj; CalculateCmnValue[] // Norm, {m, 0, 3, 1}, {n, 1, 5, 1}] // MatrixForm
Out[725]//MatrixForm=
0.8 4.9381x10°7 6.93889x10°!7 6.93889x10718 0.05
1.03657x1077  0.217635 3.04984x10°8 0.0179649  2.23534x10°8
0.315943  1.03458x10°’ 0.160925 1.97089x10°% 0.00985449
3.64229x10°%  0.152662 3.22367x10°8 0.101835 2.642x10°8

Calculating correction spectra values.

In[726]:= Table[m;
n;
CalculateCorrectionCmnValue[] // Norm, {m, 0, 3, 1}, {n, 1, 5, 1}] // MatrixForm
Out[726]//MatrixForm=
0.257625 7.13949%10°Y7  0.0865804 7.009x107Y 0.0526061
3.53816x10°Y 0.118379 9.81308x107*®  0.0701632 6.74761x10717
0.147178 4.56334x10°Y7  0.0694447 5.05159x10°Y7  0.0291387
5.92859x10°17  0.0567346  8.61269x10°17 0.057589 6.05913x10°17
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= Frequency Plot

Parametric Variation Spectra

Auxiliary Functions

Calculate the effects of the parameter variation in the ideal, correction, and corrected Spectra

In[732:= ClearAllSymbols[];
callTestCase[];
TestParameters|[];
numberOfBaseBandHarmonics = 7;
numberOfCarrierHarmonics = 1;
numberOfSideBandHarmonics = 3;
darkMode = True;
SetParameterVariation["Td"];

showMatrixEnable = False;

CalculateVariationSpectra[showMatrixEnable]

Plot spectra of a parameter variations

Inj742]:= darkMode = False;
parameterLabel = StringJoin[{parameter, parameterUnits}];
xAxisLogScaleEnable = False;
parameterRange = {'in'it'ialVa'Lue, fi na'LVa'Lue}/parameterBase;

Print["Ideal spectra"]
PIotParameterSpectra[idealSpectra, parameter,
parameterUnits, parameterRange, darkMode, xAxisLogScaleEnable]
Print["Correction spectra"]
PIotParameterSpectra[correctionSpectra, parameter,
parameterUnits, parameterRange, darkMode, xAxisLogScaleEnable]
Print["Corrected spectra']
PlotParameterSpectra[correctedSpectra, parameter,

parameterUnits, parameterRange, darkMode, xAX'isLogScaleEnable]

Ideal spectra
Double-Edge Naturally Sampled PWM Modulation

Parameters: wo=376.991[rad/s], wc=32044.2[rad/s], Mf=85.,
M=0.8[p.u], Mh=0.05[p.u], ¢1=0.785398[rad/s], Vdc=1.[p.u], Td=variable
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Out[749]=
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Correction spectra
Double-Edge Naturally Sampled PWM Modulation

Parameters: wo=376.991[rad/s], wc=32044.2[rad/s], Mf=85.,

M=0.8[p.u], Mh=0.05[p.u], ¢l=0.785398[rad/s], Vdc=1.[p.u], Td=variable
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Harmonic number
Corrected spectra
Double-Edge Naturally Sampled PWM Modulation

Parameters: wo=376.991[rad/s], wc=32044.2[rad/s], Mf=85.,

M=0.8[p.u], Mh=0.05[p.u], ¢l=0.785398[rad/s], Vdc=1.[p.u], Td=variable
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out[751]=

In[752]:=

In[753]:=
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Harmonic number

Plot Matrix of component due to a parameter variation

Print["Corrected spectra"]
parameterRange ={in1tia1Value, finalVaIue}/parameterBase;

subPlotS1ize = 150;
initialComponent = 1;
componentIncrement = 1;

PlotComponentMatrixwithParameterVariation[
correctedSpectra
, parameter

parameterUnits

parameterRange
darkMode
xAxisLogScaleEnable
subPlotSize

initialComponent

componentIncrement

]

Corrected spectra
15
Double-Edge Naturally Sampled PWM Modulation

Parameters: wo=376.991[rad/s], wc=32044.2[rad/s], Mf=85.,

M=0.8[p.u], Mh=0.05[p.u], ¢l=0.785398[rad/s], Vdc=1.[p.u], Td=variable
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out[758]=

Fundamental

1.x107®
8.x1077
6.x1077
4.x107
2.x1077
2 4 6 8 10
2nd Harmonic 3rd Harmonic
0.04 4.x107"7
0.03 3.x1017
0.02 2.x10717
0.01 1.x10°"7
2 4 6 8 10
S 5th Harmonic 0.020 6th Harmonic
o 1.x107 -
—  8x10° 0.015
] 6.x1078
0.010
T 4x10®
r o2x10 0.005
C " ' L
2@ 2 4 6 8 10
=
0.22 82th Harmonic 83th Harmonic
0.21 2.x107
0.20 15x107
019 1.x1077
0.18 .
0.17 5.x10"
T 4 6 8 10 2 4 6 8 10
85th Harmonic 0.22 86th Harmonic
2.x1077 0.21
1.5x107 0.20
-7 0.19
1.x 10_8 018
8.x10 0.17
2 4 6 8 10 3 5 7 . s m
Td [us]

= Calculating component expressions (analytically and numerically)

In[772]:=

out[772]=

Auxiliary functions

DC

The ideal an correction part is given by

calculateDcInnerIntegralSolutions|]

{0.31831 Vdc (1.

+1.MCos[y] + 0.05Cos[5

.yl), 0.31831Vdc (1.
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0.070
0.065
0.060
0.055
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0.90
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In[773]:=

out[773]=

Out[774]=

In[775]:=

out[778]=

In[779]:=

out[779]=

In[780]:=

Out[780]=

out[781]=

ConvertToMatlabExpression [chnnerIntegra'LSolut'i ons[[1]] ]
ConvertToMatlabExpression [chnnerIntegra'LSolut'i ons[[2]] ]

0.3183098861837907.+Vdc.» (1. + 1l..xM.xcos(y) + 0.049999999999999996.xcos (5..xy))
0.3183098861837907.+Vdc.» (1. + 1l..x«M.xcos(y) + 0.049999999999999996.xcos (5..x%y))
Performance Test

callTestCase[];

TestParameters[];

Print[Ce0 // AbsoluteTiming];
PlotEvaluationPointsOfOutterIntegral[chnnerIntegralSolutions, yIntegralLimit]

{0.028866, 2.}

)

N S
nd1) \.' /

- " combo-loo ot co—ol ol esseL

o'( 0.5 :_ N,
0.4 Re(outterintegrandz
: /
0.3 \
C \
r Re(outtetintegrand1)
0.2

0.1
n(outterintegrg

&

1 2 3 4 5
Im(outterintegrand2)

Fundamental
The fundamental component is given by

calculatefundamentalInnerIntegralSolutions[]
{0.31831e"Y (1. Vdc + 1. MVdc Cos[y] +0.05 Vdc Cos[5. y])

J
0.31831e'Y (1. Vdc + 1. MVdc Cos[y] + 0.05 Vdc Cos[5. y])}

ConvertToMatlabExpression [fundamenta'lInnerIntegra'l.Solut'i ons[[1]] ]

ConvertToMatlabExpression [fundamenta'lInnerIntegra'lSoluti ons[[2]] ]

0.3183098861837907.+exp (1i.+y) .* (L..+Vdc +
1..«M.*Vdc.xcos(y) + 0.049999999999999996.+Vdc.*cos(5..xy))

0.3183098861837907.xexp (1i.xy) .» (1..+Vdc +
1..xM.xVdc.xcos(y) + 0.049999999999999996.+Vdc.xcos (5..xy))

Performance Test
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In[782]:= callTestCase[];
TestParameters[];
Print[COl // AbsoluteTiming];
P'LotEvaluationPO'intsOfOutterIntegral[fundamentalInnerIntegra'l.So'Lutions, yIntegra1L1'm'it]

{0.011046, {0.8, 5.55112x10°"}}

/

(’/ 0.4
4
0.2 ;
Out[785]= Re(outterintegrandz
I
..
[
.
n(outterintegrz
#-0.2
;
'O
-0.4

Baseband Harmonics
The fundamental harmonics are given by

in[786]:= calculateSignalHarmonicsInnerIntegralSolutions|[]

Out[786]= {0.31831 e""Y (1.Vdc + 1. MVdc Cos[y] + 0.05Vdc Cos[5.y]),
0.31831€'"Y (1.Vdc + 1. MVdc Cos[y] + 0.05 Vdc Cos[5. y})}

In[787]:= ConvertToMatlabExpression [s-i gnalHarmonicsInnerIntegralSolutions[[1]] ]

ConvertToMatlabExpression [S‘i gnalHarmonicsInnerIntegralSolutions[[2]] ]

out[787]= 0.3183098861837907.+exp (1i.xn.*y) .+ (1l..xVdc
+ 1..xM.xVdc.xcos(y) + 0.049999999999999996.«Vdc.*cos (5..xy))

Oul[788]= ©.3183098861837907.xexp (19.*n.+y) .+ (1..*Vdc
+ 1..#M.xVdc.+cos(y) + 0.049999999999999996.«Vdc.xcos (5. .xy))

Performance Test
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In[7891= callTestCase[]};
TestParameters|[];
n=3;
Print[COn[n] // AbsoluteTiming];
PlotEvaluationPointsOfOutterIntegral[
signalHarmonicsInnerIntegralSolutions, yIntegralLimit]

{0.01284, {8.04912x107*°, 8.32667x107*"}}
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