Instituto Alberto Luiz Coimbra de
Pés-Graduagao e Pesquisa de Engenharia

Ak
»» COPPE

UFRJ

DIAGNOSER REDUCTION OF DISCRETE-EVENT SYSTEMS

Augusto Pedro Mendonca de Vasconcellos

Dissertagao de Mestrado apresentada ao
Programa de Pés-graduacao em Engenharia
Elétrica, COPPE, da Universidade Federal
do Rio de Janeiro, como parte dos requisitos
necessarios a obtencao do titulo de Mestre em

Engenharia Elétrica.

Orientadores: Marcos Vicente de Brito Moreira

Gustavo da Silva Viana

Rio de Janeiro
Marco de 2020



DIAGNOSER REDUCTION OF DISCRETE-EVENT SYSTEMS

Augusto Pedro Mendonga de Vasconcellos

DISSERTACAO SUBMETIDA AO CORPO DOCENTE DO INSTITUTO
ALBERTO LUIZ COIMBRA DE POS-GRADUACAO E PESQUISA DE
ENGENHARIA DA UNIVERSIDADE FEDERAL DO RIO DE JANEIRO COMO
PARTE DOS REQUISITOS NECESSARIOS PARA A OBTENCAO DO GRAU
DE MESTRE EM CIENCIAS EM ENGENHARIA ELETRICA.

Orientadores: Marcos Vicente de Brito Moreira

Gustavo da Silva Viana

Aprovada por: Prof. Marcos Vicente de Brito Moreira
Prof. Gustavo da Silva Viana
Prof. Joao Carlos dos Santos Basilio
Prof. Antonio Eduardo Carrilho da Cunha

RIO DE JANEIRO, RJ — BRASIL
MARGCO DE 2020



Vasconcellos, Augusto Pedro Mendonga de

Reducao de Diagnosticadores de Sistemas a Eventos
Discretos/Augusto Pedro Mendonga de Vasconcellos. — Rio
de Janeiro: UFRJ/COPPE, 2020.

XTI} [62] pf: 11.] 29, 7cm.

Orientadores: Marcos Vicente de Brito Moreira

Gustavo da Silva Viana

Dissertacao (mestrado) — UFRJ/COPPE/Programa de
Engenharia Elétrica, 2020.

Referéncias Bibliograficas: p. [61]—[62

1. Discrete-event systems. 2. Fault diagnosis. 3.
Model reduction.  I. Moreira, Marcos Vicente de Brito
et al. II. Universidade Federal do Rio de Janeiro, COPPE;,
Programa de Engenharia Elétrica. III. Titulo.

il




v

“You don’t get to choose not to
pay a price, you only get to
choose which price you pay.”

Jordan B. Peterson



Acknowledgements

First, I thank my mother Nelma de Fatima, whose support in the two most difficult
years of my life were fundamental for me to achieve my M.Sc. degree. Therefore, I
dedicate this work to you.

I thank my sister Fernanda Mendonca and her husband Erick Palacios for always
being willing to help me when necessary.

I thank my father Augusto Allan for continuing to work even in poor health so
that I could achieve my goals.

I thank my friends during the postgraduate courses, especially Adalberto Igor
and Erika Miranda, for the fun moments during this period.

I would like to thank my great friend Eunapio Lages for the inspiring conversa-
tions that made me grow as a person.

A special thank to my co-advisor Gustavo Viana for all corrections in this work,
for the theoretical contribution and for clarifying all my ideas.

I deeply thank my advisor Marcos Vicente for his patience and valuable advice.

Without your mentoring this work would not be possible.



Resumo da Dissertacao apresentada a COPPE/UFRJ como parte dos requisitos

necessarios para a obtengao do grau de Mestre em Ciéncias (M.Sc.)

REDUCAO DE DIAGNOSTICADORES DE SISTEMAS A EVENTOS
DISCRETOS

Augusto Pedro Mendonga de Vasconcellos

Margo,/2020

Orientadores: Marcos Vicente de Brito Moreira

Gustavo da Silva Viana

Programa: Engenharia Elétrica

Para garantir uma operacao confiavel em sistemas a eventos discretos, diversos
trabalhos na literatura propoem a implementacao de diagnosticadores com o obje-
tivo de detectar e isolar eventos de falha nao observaveis apds a ocorréncia de um
numero limitado de eventos. A eficiéncia do método de diagndstico pode ser men-
surada pelo atraso para o diagnostico, definido como o maior nimero de eventos
que ocorreram apoés a falha até a sua detecgao. A principal desvantagem na imple-
mentacao do diagnosticador proposto na literatura é que seu conjunto de estados
pode ser muito grande, exigindo que uma quantidade de memoéria demasiadamente
grande seja implementada em sistemas complexos. Neste trabalho, propomos um
algoritmo para computar um diagnosticador reduzido deterministico, que preserve
tanto a diagnosticabilidade da linguagem do sistema quanto o mesmo atraso para o
diagnéstico que o diagnosticador original. Além disso, mostramos que a estratégia
de reducao proposta pode levar a um diagnosticador reduzido com menos estados

do que utilizamos outras estratégias propostas na literatura.
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In order to ensure the reliable operation of Discrete-Event Systems, several works
in the literature propose the implementation of diagnosers with the view to detecting
and isolating unobservable fault events within a bounded number of event occur-
rences. The efficiency of the diagnosis method can be measured by the delay of
diagnosis, defined as the largest number of event occurrences after the fault until its
detection. The main drawback of implementing the diagnoser proposed in the liter-
ature is that its state set can be very large, requiring a great amount of memory to
be implemented in complex systems. In this work, we propose an algorithm for the
computation of a deterministic reduced diagnoser, that preserves the diagnosability
of the system language and the same diagnosis delay than the original diagnoser.
We show that the proposed reduction strategy can lead to a reduced diagnoser with

fewer states than by using other strategies proposed in the literature.
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Chapter 1
Introduction

In order to ensure the reliable operation of industrial automation systems, it is
necessary to efficiently diagnose the occurrence of faults, i.e., to detect and isolate
the fault that has occurred before it damages the system components or cause risk
to operators. If the system can be abstracted as a Discrete-Event System (DES),
that is, its state set is discrete and the transition between states is event-driven,
then the fault can be modeled as an event that must be identified by the diagnosis
system. In this case, the delay of diagnosis, defined as the largest number of event
occurrences that the system may execute after the fault until its detection [3H5], can
be used to determine the efficiency of the diagnosis method.

In [0], a diagnoser is constructed to detect and isolate unobservable fault events,
and the property of diagnosability, which is related with the capability of identifying
the fault occurrence within a bounded number of event occurrences, is introduced.
Diagnosers can be used to verify the diagnosability of the system and for online
diagnosis. The main drawback of implementing directly the diagnoser proposed in
[6] is that, since it is constructed based on an observer, then its state set grows, in the
worst-case, exponentially with the number of states of the system model. Although,
in [7], it is shown that in the average-case the diagnoser grows polynomially with
the number of system states, i.e., it can still have a large number of states, requiring
a large amount of memory to be implemented in complex systems. Thus, it is
desirable to reduce the size of the diagnoser for implementation, preserving the
diagnosability of the system and the delay for diagnosis. In order to do so, it is
necessary that the language of the reduced diagnoser simulates the original language
of the diagnoser. In general, however, the reduction of states of an automaton
leads to a larger language in comparison with the original one. This is due to the
generation of an exceeding language by the introduction of new cycles in the reduced
automaton.

Over the years, the deterministic finite automaton (DFA) minimization problem

has been addressed for several purposes, as presented in [], [2], [9] and [10]. In [9],



the minimization of a DFA is based on finding the states of the automaton that
are equivalent in the sense that they can be merged without changing the marked
language of the system. Concerning the diagnoser reduction problem, one of the
most relevant works in the literature is [8], which presents a state-based approach
for online fault diagnosis.

Other reduction approaches have been addressed in the literature, most notably,
in the supervisor control theory [Il, 2, 11]. In [I], the reduction process is based on
finding control covers, that are sets formed of sets of states that behave consistently
regarding their control actions, i.e., for any pair of states of a subset of a control
cover, all events that are enabled by one of the states cannot be disabled by the
other. The limitation of the method proposed in [1] is that, in some cases, the
determinization of the automaton, or even a reduction of the supervisor, cannot be
guaranteed. To overcome this problem, [2] introduced the concept of control con-
gruence, which is a special case of control cover. If the subsets that form the control
cover are pairwise disjoint, then the control cover is called a control congruence. The
determinism of the reduced supervisor is guaranteed using the control congruence,
but not the computation of the minimal supervisor, which is shown in [2] to be an
N P-hard problem.

Recently, in [I0], a procedure is introduced to reduce the number of states of an
automaton while preserving some properties of interest. Their approach is based on
finding a reduction cover, which is an extension of the concept of control cover [12].
In order to do this, the algorithm proposed in [2] is adapted to compute a reduction
partition that is necessary to compute the reduction cover. The algorithms presented
in [2] and [10] for the computation of covers are dependent on an ordering of the
states of the automaton that must be reduced. However, this ordering of states is
not exploited in [2] and [I0] to find a reduced automaton with a smaller number of
states.

In this work, we propose an algorithm for the computation of a deterministic
reduced diagnoser, that preserves the diagnosability of the system language, and that
has the same diagnosis delay than the original diagnoser. As in [2] and [I0], the sets
of merged states of the reduced diagnoser are disjoint. At each step of the algorithm
for computing the reduced diagnoser, states are selected to be merged according
to a criterion that takes into account the possibility of merging other states of the
diagnoser in the next step of the reduction procedure. In other words, differently
from the other methods presented in the literature, the proposed method does not
depend on the ordering of states previously given as an input of the algorithm. An
example is used throughout the text to illustrate the application of the method,
and to show that the proposed reduction strategy can lead to a reduced diagnoser

with fewer states than the diagnoser obtained by considering the same criterion used



in [2] and [10], while maintaining the diagnoser deterministic, differently from the
method proposed in [I] to reduce supervisors.

The present work is organized as follows. Chapter [2| is a brief review over the
theory of discrete-event systems (DES), that are necessary to full understanding of
the concept of fault diagnosis. Also in Chapter [2} necessary and sufficient conditions
for fault diagnosis using the diagnoser automaton are presented. In Chapter [3] are
presented the basic fundamentals of supervisory control theory. In Chapter |4] is
developed the main scope of this work, where the method of diagnoser reduction
is presented. Finally, in Chapter [, we draw conclusions and suggestions of future

works.



Chapter 2

Discrete-Event Systems and Fault

Diagnosis

In this chapter, we present the necessary background on Discrete Event Systems
(DES), and on failure diagnosis of DES. The theoretical foundations of DES pre-
sented in this chapter are based on [I3]. The structure of the chapter is as follows. In
Section [2.1] the main formalisms for DES are presented. In Section [2.2] we present
the concept of a given language for a DES. In Section [2.3] the automata theory is
described. Finally, the main concepts associated with fault diagnosis are presented
in Section 2.4

2.1 Discrete-Event Systems

As presented in [13], discrete-event systems (DES) are dynamical systems, whose
state-spaces are discrete sets that normally depend of the occurrency of asynchronous
discrete-events over time. Starting with this definition, we can immediately identi-
ficate two important characteristics of DES: they have discrete state variables and
they are driven by events.

The state is described by a discrete set, for instance: numerical values belong-
ing to the set N or Z ({0,1,2,...}), symbolical values ({open, closed, stuck}). On
the other hand, the events can be defined by instantaneous occurrences that make
transitions on the states of the system. In other words, the events can be related to
a specific action (e.g. press a button, activate a switch), a spontaneous occurrence
(e.g. break of a mechanical piece, an alarm activation, the turning off of a heater),
or the result of conditions already predicted (e.g. the level of a tank getting on a
determined value).

The system behavior in the DES framework is driven by sequences of events.

All possible sequences of the events that can be generated by a given DES describe



the language of this system, which is defined over a set of events (alphabet) of the
system. A review over the concept of a given language will be made in the next

section to clarify this idea.

2.2 Languages

Before we introduce the definition of a language, some remarks need to be made.
The first one is the set of events of a DES, represented by X, is an alphabet supposed
to be finite.

The behavior of a DES can be described in terms of event sequences. Those
sequences are interpreted like “words” of a language. Thus, the language generated
by a given DES is the set of all of the event sequences with finite length, or words,
generated by the system. Then, since we have the knowledge of the language gener-
ated by the system and its initial state, we can describe the future behavior of the
system. With that in mind, we can say that the language is kind of a mathematical
formalism that models and describes the behavior of a DES. Next, we formally the

concept of language.

Definition 2.1 (Language) A language defined over an event set 2 is a set of se-

quences with finite length formed of events in X.

In order to make important definitions and examples, some symbols must be
presented. The symbol o will be used to represent a generic event, as well as () will
be the empty language and ¢ the empty sequence. For a sequence s defined over ¥,
its length can be represented by |s|. By definition, |¢| = 0. In addition, o € s means
that event o belongs to a sequence s.

The language of a DES belongs to the set of all the sequences of finite length
that are formed by elements of ¥, including the empty sequence . This set is called
the Kleene-closure of ¥, denoted as X*. In particular, (), ¥ and X* are considered
event sets. Moreover, we can say that 2% is the power set of ¥ or, in other words,
the set that contains all the subsets of X..

Example 2.1 Let ¥ = {a,b,c} be a set of events. For instance, we may define the

languages:
e Ly ={e,a,b,c,ab,ac,be,abc};
o Ly = {a,bb,abbc, aaabee};

o L3 = {the set of sequences that contains ab}.



The usual set operations, such as union, intersection, difference and complement
with respect to 3*, are applicable to languages since languages are sets. In additon,
there are other operations, like concatenation and Kleene-closure, which are formally

defined as follows.

Definition 2.2 (Concatenation) Let Lo, L, C ¥*. Then, the concatenation Ly Ly is
defined as:

LoLy={s € X" : (s =5.5),(Sa € L) and (s, € Lyp)}.

A sequence s is in L, Ly if it is formed by the concatenation of a sequence s, € L,
and s, € Ly.

Definition 2.3 (Kleene-closure) Consider L C ¥*. Then, the Kleene-closure of L,
denoted by L*, can be defined as:

L*={s}ULULLULLLULLLL...

The elements of L* are composed by the concatenation of the elements of L,
including the empty sequence . The Kleene-closure is idempotent, namely, (L*)* =
L.

Definition 2.4 (Prefiz-closure) The prefiz-closure of a language L consists of all
prefizes of all traces in L. A sequence t € ¥* is prefix of a sequence s € ¥* if there
exists a sequence v € X* such that tv = s. Then, both s and € are prefives of s. The

prefiz-closure of L, denoted as L, can be formally defined as:
L={sex:(3tex)steL]}.

L is said to be prefix-closed if L = L. Therefore, language L is prefix-closed if

all prefixes of every sequence in L are also an element of L.

Example 2.2 Consider ¥ = {a,b,c} and languages Ly = {e,a,aab} and Ly = {c}
defined over . Note that Ly and Ly are not prefived-closed, since aa ¢ Ly and
e ¢ Ly. Thus, the prefiz-closures of Ly and Ly are, respectively, L, = {¢,a,aa, aab}
and Ly = {e,c}.

Definition 2.5 (Post-language) Consider L C ¥*. Then, the post-language of L
after s, denoted by L/s, is defined as:

L/s={teX":steL}.



This definition allows us to conclude that L/s = () if s ¢ L.
Another type of operation perfomed on sequences and languages is the natural

projection, or simply projection, denoted by P, and is defined as follows.

Definition 2.6 (Projection) Let X5 and ¥, be event sets such that X3 C ¥, and o

any event. Then, we can define the projection of a sequence as:
P ¥ =X

with the following properties:

(i) P(e) :=¢;

o, if o€y

(i) Plo) ::{ e, if ceN\%,

(ii1) P(so) = P(s)P(o) for s € ¥, 0 € 3.

According to Definition [2.6] the projection operation takes a sequence and
‘erases’ events on Y; that does not belong to ;.

The projection P and its inverse P~! can be extended to languages simply ap-
plying them to all the event sequences on that language.

Thus, for L C ¥}, we have:

P(L):={teXk:(3se€ L)[P(s) =t]}.
For L, C X%, we can define its inverse as:
P YL, ={seX:(3teL,)P(s)=t]}.

In order to illustrate the concepts of this subsection, consider the following ex-

ample.

Example 2.3 Let us consider again the set of events ¥ = {a,b,c}, and languages
Ly = {e,a,aab} and Ly = {e,c}. Since L, = {¢,a,aa,aab} and Ly = {e,c}, then
Ly # Ly and Ly = L. Consequently, Ly is not prefiz-closed, but Ly is prefiz-closed.
In addition, note that:

L7 = {e,a,aab,aa,aaab,aaba, ...}
Ly = {e¢cc cee, ...}
LiLy = {e,a,aab,c,ac,aac,aabc}

Li/a = {e,ab}



If we now define projection P : ¥* — 3% such that X5 = {b, c}, then:

) = {bc}
) = {a}’
P~ (be) = {a}{oHa} {cHa}"
) = {&b}
) = {Ha)  {a} {cH{a}"}

To some practical issues, the use of languages can be considerably complex.
In this work, we use automata as framework for representing and manipulating
languages. For this reason, next section will present a brief review of automata

theory.

2.3 Automata

An automaton is a device that is capable of representing a language according to well-

defined rules [13]. In the following, we formally define a deterministic automaton.

Definition 2.7 (Deterministic automata) A deterministic automata, denoted by G,
is a five-tuple
G = (X7 27 f’ x()?X’m)v

where:

o X is the set of states of the automata;

Y is the finite set of events associated with G;

[ X xX* — X 1s the state transition function of the states;

xo 18 the initial state of the system;

X C X is the set of marked states;

The transition function f(x,0) = y means that there is a transition rotulated by
event o from state x to state y; generally, f is a partial function in its own domain.
Let T'g : X — 2% be the feasible event function, where I'g(x) is the set of events
that are feasible in state z € X.

The dynamic behavior represented by automaton GG works as follows. It starts
in the initial state zp and due to an ocurrence of an event e € I'(xzg) C X, the
automaton makes the transition to the state f(xo,0) € X. The process continues

based on the transitions which f is defined.



A common way to represent an automaton is through the state transition dia-
gram. The states are represented by circles, marked states by two concentric circles
and the transitions by oriented arcs. States are marked when it is necessary to at-
tach a special meaning to them, for instance, the end of a task. The next example

illustrates the state transition diagram.

Example 2.4 Let G be an automaton which its state transition diagram is depicted
in Figure[2.1l Based on the diagram, we have:

o X =1{0,1,2,3,4,5,6);
e ¥ ={a,b,c};

e The state transition function of G is given by f(0,a) = 1, f(1,b) = 3,
f(e)=2,fB,a) =3, f(3,0) =4, f(4a) =5, f(5,c) =4 and f (6,a) = 4;

e The feasible event sets of each state are given by I'c(0) = {a}, T'c(1) = {c, b},
Fq(2) =0, Tg(3) ={a,b}, Ta(4) = {a}, T(5) = {c} and T'¢(6) = {a};

o The initial state of G is xg = 0;

e The set of marked states of G is X,,, = {2}.

Figure 2.1: State transition diagram of automaton G.

From Example [2.4] it is clear that automata can represent a subset of sequences
of ¥* or, in other words, a language over the alphabet . Thus, we can define two
languages: the generated and marked languages. These notions will be presented in

next section.



2.3.1 Generated and Marked Languages

The language generated by an automaton G, denoted by L(G), is the set formed
by all the event sequences that can be defined starting in the initial state. The
language marked by G, denoted by L,,(G), contains all event sequences that takes
the initial state of the automaton to a marked state. We can define the generated

and the marked languages as follows.

Definition 2.8 (Generated language) Since f is a partial function, then the lan-
guage generated by G, denoted as L(G) = L, can be defined as

L={ses : flzo s},
where f(xq,s)! means that f(xq,s) is defined.

Note that L(G) is, by definition, prefix-closed, since a path is only possible if
all the correspondent prefixes are also possibles. Furthermore, it is possible that
the events defined in ¥ do not belong to the state transition diagram of G and,
therefore, do not belong to L(G) as well.

Definition 2.9 (Marked language) The language marked by G = (X, %, f, xo, Xm),
denoted by L,,(G) is defined as

Ln(G) :={s € L(G) : f(zo,5) € X;n}.

Note that L,,(G) will always be a subset of L(G), since L,,(G) is composed by
all the s sequences such that f(zg,s) € X,,. As L,,(G) is not necessarily prefix-
closed, not all the states of X need to be marked. When an automaton does not
have states, it is said that it generates and marks the empty set.

In the next section, we present some operations that can be applied to automata.

2.3.2 Operations on Automata

In order to analyze DES modeled by automata we first need to define the set of
operations capable of modifying properly the state transition diagram set of an
automaton.

Next, we present an operation that change a single automaton, called unary
operation: accessibility or accessible part. It will also be presented the product and

the parallel compositions, which are fundamental to obtain the fault diagnosers.
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Accessible Part

With the definitions of L(G) and L,,(G), one may notice that we can erase all the
states of GG that are not accessible or reachable, starting from xy, by some sequence
in L(G), without affecting not only the generated language of G, but also its marked
language. When we remove a state, we also remove all transitions linked to that

state.

Definition 2.10 (Accessible part) Let G = (X, %, f, xo, X,n) be an automaton. The
accessible part or accessibility of G, denoted by Ac(G), is defined as

AC(G) = (Xaca E, faca Lo, Xzzc,m);

where:
(i) Xoe ={x € X : (Is € ¥)[f(xo, s) = z]};
(11) Xaem = Xm N Xae;

(i) fae = [ | Xoex o Xoe-

The item (iii) means that we are restricting f to the smaller domain of the
accessible states X,.. Note that the event set of Ac(G) remains equal to G, even if
some event of the set does not be in the states transition diagram of Ac(G). Thus,
the operation Ac does not changes L(G) and L,,(G).

Example 2.5 Let us consider again automaton G depicted in Figure[2.1. Note that
state 6 is the only state not accessible from initial state 0. Thus, we must remove
state 6 and all its transitions to obtain Ac(G), depicted in Figure[2.7

Figure 2.2: Accessible part of G or Ac(G).
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Product Composition

The product composition, denoted by X, is a composition of two automata that
allows the occurrence of events that are common to both. The following definition

describe this operation mathematically [13].

Definition 2.11 (Product composition) Consider the automata

G, = (X1721,f1,370,1>Xm1)
Gy = (X2,22,f2,$0,27Xm2)-

The product composition between Gy and Gy will be given by the automaton
G1 X GQ = AC(Xl X XQ, El X Eg,f, ($0,1,$0’2>,Xm1 X XmQ),

where:

(i) f((x1,22),0)

undefined, otherwise ’

{ (fi(z1,0), f2(x2,0)), if o € Ti(x1) NTa(z2)

(1) Tixo(x1,22) = T1(x1) NTy(x2) is the feasible event function of Gy x Gs.

Considering the right side of the definition of G; x G5, it can be noted that we
are only interested in the accessible part of the automaton. In other words, an event
only occurs in GGy X Gy if it occurs in both G; and G5. In the product operation,
the transitions of two automata should always be synchronized in a common event.
Then, we can say that both generated and marked languages by the product G; x G,

can be given by:

L(Gl X Gg) = L(Gl) N L(Gg),
Lm<G1 X Gg) = Lm(Gl) N Lm(Gg)

Parallel Composition

As stated in [13], the more commonly used method in building complete models of
systems starting from individual components is made by parallel composition (or
synchronous) of automata, where each automaton represents a local component (or
subsystem) of the global system. Therefore, the definition of parallel composition is

made as follows.

Definition 2.12 (Parallel composition) Let Gy and Gy be two automata. Then,
the parallel composition between Gy = (X1,%1, f1, 201, Xm,) and Gy =
(X2, X9, fo, 202, Xim,), denoted by G1||Ga, is defined as:

G1||G2 = Ac( Xy x X2, 31 U X, fij2, (201, T0,2), Xy X X)),

12



where fiz((z1,22),0) = (fi(x1,0), fa(x2,0)), if 0 € Tg (x1) N Tay(x2), and
FGi . Xz — 2Ei, Z = 1,2, leQ((ZL‘l,ZEQ),O') = (fl(l'l,O'),ZL‘Q), ZfO' € FGl(xl)\Eg,
fi2((z1,22), 0) = (21, fo(22,0)), if 0 € Ty (22)\X1, or, undefined, otherwise.

It can be noted that a common event from the automata G; and Gy can only
occur when both are in states whose active event sets have this event as an element.
Private events (the ones belonging to ; \ ¥y or to X5 \ ¥1) are not subject to
limitations, being able to execution as long as possible. Therefore, the parallel
composition synchronizes only common events to both G; and Gs.

In order to define the generated and marked languages of automaton G1||G, it
is possible to use Definition rewriting it as follows:

P (B UX)" — X fori=1,2.

Considering the use of projections, we now can obtain the resulting languages of

the parallel composition between GG; and Gl:

L(Gi||Gy) = PrUL(GY)] N Py L(Gy)),
Lin(G1]|G2) = Py 'Ly(G1)] 0 Pyt [Lin(Go)).

Example 2.6 Let Gy and G be automata depicted in Figures [2.5(a) and [2.5(b),
respectively, where 3y = {a, c} and X9 = {a, b, c}. The product and parallel composi-
tions between those automata are depicted in Figures[2.4)(a) and[2.4(b), respectively.

oG
_/

(a) Automaton Gj. (b) Automaton GS.

©
G,
(P

Figure 2.3: Automata G; and G5 of Example [2.6

C

@ a 1,1 /0-0\ o (1)t
> ) > ) > ) > 171 > 172
_/ _/ /)

(a) Gy x Ga. (b) G1||Ga.

Figure 2.4: Product and parallel compositions between GGy and G, of Example .
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2.3.3 Nondeterministic Automata

A nondeterministic automaton, denoted by G, is a five-tuple G = (X,X U
{e}, fud, o, Xin), where the elements of G have the same interpretation as in the
deterministic automaton (G, with the exception that the transition function can be
nondeterministic,

foa: X x S U{e} — 2%,

and the initial state can be defined as a set zy C X.

In order to define the language generated by G, it is necessary to extend the
domain of f,q to X x ¥*, obtaining the extended transition function f¢,. Let e R(z)
denote the e-reach of a state z, i.e., the set of states reached from z by following
transitions labeled with ¢, including state x. The e-reach can be extended to a set
of states B C X as

eR(B) = UzepeR(x).

The extended nondeterministic transition function f¢;, : X x X* — 2% can
be defined recursively as f¢,(x,e) = eR(x), and f¢(x,s0) = eR[{z : 2z €
fna(y, o) for some state y € f¢,(z,s)}]. Thus, the language generated by G can
be defined as

L(G) ={s € X" : (I € xo)[fry(x,s) is defined]}.

ez

And the language marked by G can be defined as
L, (G)={se X (Tx € x)|frglx,s) N X, # 0]}

In this work, the marked language and transitions labeled with € will not be nec-
essary when computing nondeterministic automata. Therefore, they will be omitted.
In order to illustrate the nondeterministic automaton, consider the following

example.

Example 2.7 Consider the nondeterministic automaton, G, depicted in Figure
where o = {0}. Note that the transition function assumes values in 2%, for v €
X, for instance, fna(1,b) = {2,3}. This configuration suggests uncertainty in the
dynamic evolution of the system, considering that, when the system is in state 1 and
event b occurs, it 1s not possible to be sure if the system has moved either to state 2

or 3.
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Figure 2.5: Nondeterministic automaton G of Example [2.7]

2.3.4 Partially-Observed DES Modeled by Deterministic

Automata

When exist some events in a given DES whose occurrence cannot be seen by an
outside observer, it is said that the system is a partially-observed DES. It is said
that an event is observable if its occurrence can be observed by an external agent
(like a sensor) and communicated to the system observer. Otherwise, the event is
unobservable. The cause of an unobservation can be due to the absence of a sensor to
record the occurrence of the event, or to the fact that the event occurred at a remote
location, where its occurrence could not be verified. Therefore, it is necessary to
make a state estimation when the analysis of the behavior of the system is concerned.

To this end, we can make the following suppositions:

o ¥ =Y, UX,, is the set of all events of a partially-observed DES;
e Y, is the set of observable events of the system;

e Y, is the set of unobservable events of the system;

The representation of a unobservable event in a given state transition diagram
of an automaton is made with a dashed line on the correspondent oriented arc.
Unless indicated otherwise in the automaton, the event will be considered observable.
The corresponding automaton G that models the partially-observed DES will be
deterministic, and if it has unobservable events, it is said that G is a partially-
observed automaton.

In order to define the observer automaton of G, denoted by Obs(G), we need first
to introduce the unobservable reach of a state. The unobservable reach of a state x,
UR(z), generates the set of states that are reachable from x after the execution of

a sequence of unobservable events in X,,. Thus,

UR(z) ={y € X : (3t € X)) [(f(2,t) = )]} .

15



The unobservable reach can be extended to a set os states A € 2X as:

UR(A) = | J UR(z).

z€A

Then, the observer of G, Obs(G), can be defined as follows:
ObS(G) = (Xobsv 2o, fobsa L0y Xmobs)7

where Xobs g 2X7 T0pps — UR<:CO>7 Xmobs = {xobs € Xobs © Zobs N Xm %
@}, and for all Tobs € Xobsa FGObS(xobs> = Uxegcobs FG(x) N E07 fobs(xobsao—) =
Uerponsaoy UR (f(2,0)), if 0 € Dg,, (Tobs), or undefined, otherwise. Consid-

ering that diagnosers do not have marked states, X,, and X,, , will be omitted in

obs

this work when computing Obs(G). The following algorithm computes Obs(G) [13].

Algorithm 2.1: Construction of automaton Obs(G)

Input: Automaton G = (X, 3, f, z9), and set X,
Output: Automaton Obs(G) = (Xobs, Lo, fobss To,,. )
Set Ty = 2\ %,
Define z,,, = UR(zo)
Set Xops = {70, }
Set Xops = Xops
Xobs — Xobs
Xops — 0
for A € Xobs do
L, (4) = (UxeAF(x)) N,
for o €T'g,,.(A) do
Lfobs(Aa 0)=UR({z € X :(Vy € B)lz = f(y,0)]})

AW N =

© 0 N O »

[y
(=}

11 Xobs — Xobs U fob5<A7 0)

12 Xobs — Xobs U Xobs
13 Repeat Steps 5 to 12 until the entire accessible part of Obs(G) has been
obtained

All sequences of L(G) that does not include unobservable events form the gen-
erated language observed by automaton . This language can be obtained through
the projection operation, P,, where P, : ¥* — X*. Thus, L(Obs(G)) = B,[L(G)].

The following example illustrates the construction of observers.

Example 2.8 Let G be the automaton depicted in Figure[2.6 and suppose that event
d is unobservable, i.e., ¥ = {a,b,c,d}, where ¥, = {a,b,c} and ¥, = {d}. Then,
according to Algom'thm we can construct the observer of G, Obs(G), depicted in
Figure[2.7]. When event a occurs, the system moves to state 1, but it can reach state
3 through unobservable transition d, leading Obs(G) to reach state {1,3}. When
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event b occurs in state {1,3}, the system moves to state 2, considering that both
states, 1 and 3, reaches state 2 through event b. Then, if event a occurs in state 2,
the system movwes to state 1, but it can also reach state 3 again considering that d is
an unobservable event. Finally, if event ¢ occurs in state 2, the system remains at
the state.

Figure 2.6: Automaton G of Example [2.8

s

- 0 {1, 3} -1 2

Figure 2.7: Obs(G) of Example E

In the next section we present the formal definition of fault diagnosis of a DES,

and the conditions for diagnosability of a language.

2.4 Fault Diagnosis

The main objective in the process of detection and fault diagnosis is to identify the
cause of poor system functioning. In order to diagnose faults in a system, we first
need to define the concept of diagnosability of a DES, which is presented in the

following section.

2.4.1 Diagnosability of DES

In [0], the property of the system language related with the capability of diagnosing
the occurrence of the fault event oy, called diagnosability, is presented. To define
formally this property, in [6] the following assumptions are considered: (i) language
L is live, i.e., I'(z;) # 0 for all x; € X, and (44) the plant automaton G does not
contain cyclic paths formed with unobservable events only. In this work, we make

the same assumptions presented in [6].
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Before we do the proper definition of the concept of diagnosability, it is necessary
to define the fault-free behavior of G with respect to ¥y = {o}, which is presented

as follows.

Definition 2.13 (Fault-free behavior) Let L(G) = L be the language generated by
automaton G and Ly the prefiz-closed language formed by all the sequences of L
that does not have any fault event from the set ¥¢. Then, the fault-free behavior of
the system given by G, with respect to Xy = {0}, will be modeled by subautomaton
of G, Gy, that generates language Ly .

Then, the formal definition of the diagnosability of L can be stated as follows

I6].

Definition 2.14 (Diagnosability) Let L be the live and prefiz-closed language gen-
erated by the system, and Ly C L be the fault-free language of L. Let P, : ¥* — ¥
be a projection operation. Then, L is said to be diagnosable with respect to projection
P, and Xy, if

(3zeN)(Vse L\ Ly)(Vst € L\ Ly, |t| > 2)

= (Vwe Py (Py(st)) N L,we L\ Ly) .

According to Definition [2.14] L is not diagnosable with respect to P, and Xy if,
and only if, there exists an arbitrarily long length faulty sequence st with the same
observation than a fault-free sequence w in Ly, i.e., P,(st) = P,(w).

If L is diagnosable with respect to P, and Xy, then it is possible to define the
delay bound for diagnosis, denoted as z*, as the minimum value of z that satisfies
the diagnosability condition of Definition [2.14]

In the following section, we define the diagnoser automaton.

2.4.2 Diagnoser Automaton

In [6], a diagnoser automaton is proposed to perform online diagnosis and to verify
the system diagnosability. In order to do so, it is first defined a label automaton A; =
(X1, 24, fi,04), depicted in Figure , where X; = {N, Y}, 20, = {N}, fi(N,05) =
Y, and fi(Y,07) =Y. The label Y indicates the occurrence of the fault event oy,
and the label N means that the fault has not occurred.

Then, the diagnoser automaton is given by
Gd = ObS(Gl) = (Xd, Eo, fd, xod), (21)

where G; = G||4;. From Equation2.1] it can be noted that L(G4) = P,(L(G||4))) =
P,(L(Q)), and 3, is the set of observable events of G.
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Note that the states of G4 have the following form =4 = {(z1,0;),..., (zn,ln)},
where x; € X and [; € {Y, N}, fori=1,...,n. Iflabel ; =Y for i = 1,...,n, then
x4 is said to be a positive state. On the other hand, if [; = N fori=1,...,n, x4 is
said to be a negative state. Finally, if there exists {; =Y and [; = N, ¢ # j, x4 is
said to be an uncertain state.

The set of states of the diagnoser automaton can be partitioned as X; =
XyUXnUXyy, where Xy is the set formed of all positive states of Gy, Xy is the

set formed of all negative states of Gy, and Xy is the set formed of all uncertain

states of Gy.
of
— — —

Figure 2.8: Label automaton A4;.

gf
~\

When the diagnoser is in a positive state, it is certain that a fault has occurred.
On the other hand, if the diagnoser is in a negative state, the fault does not occurred.
However, if the diagnoser is in a uncertain state, it is not sure if the fault event
occurred or not. Then, the existance of a cycle formed only with uncertain states,
where the diagnoser can remain forever, will be impossible for it to diagnose the fault
occurrence. On the other hand, if it is possible for the diagnoser leaves this uncertain
states cycle, then this cycle is not indeterminate. Considering this distinct situations,
in order to verify the system diagnosability using a diagnoser, it is necessary to search
for indeterminate cycles in G4 [6]. In the sequel we present the definitions of path,

cycles and indeterminate cycles.

Definition 2.15 A path in G is a sequence (x1,01,%a,...,0,_1,%y), where x; € X,
0, €%, and x4 = f(x;,00), 1 =1,2,...,n — 1, and the path is said to be cyclic if

T1 = Tp.

Definition 2.16 (Cycle) A cycle of G is the set formed of the states of a cyclic

path (xy, 01, Tgi1, 09, ..., O, Tpyy), Where Ty = Ty,

Definition 2.17 (Indeterminate Cycle) An indeterminate cycle of G4 is a set
{$d1,$d2,---7$dp} C Xy formed of uncertain states, satisfying the following con-

ditions:

(i) {xa,,Tays .. T, } forms a cycle in Gq.
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(i) I Y), (2], N) € x4, with z}' not necessarily distinct from Z', | =
1,2,...,p, ky = 1,2,....my, and v, = 1,2,...,my, such that the states {xéﬂ},
l=1,2,..,p, ki =1,2,....my, and {z}'}, | =1,2,...,p, ky = 1,2,...,my, can be

rearranged to form cycles in G.

Example 2.9 Consider the system modeled by automaton G, shown in Figure
where ¥ = {a,b,c,04,0¢}, ¥, = {a,b,c} and £, = {0y, 07}. Automaton G, =
G||A; and diagnoser automaton G4 = Obs(G)) are depicted, respectively, in Figures

and[2.11] Note that state {6 N, 5Y} is an uncertain state, and f4({6N,5Y },b) =
{6N,5Y'}, then uncertain state {6 N,5Y} forms a cycle in G4. Moreover, associated
with components {6N} and {5Y} of {6N,5Y'}, exist in G, respectively, two cycles
formed by states 6 and 5. Thus, {6N,5Y'} forms an indeterminate cycle in Gy.

b
()
c
Oy G e
7
-] :
A

Figure 2.9: Automaton G of Example [2.9

b
N
&
o LD==(0)
7
b

N )
" ‘
Figure 2.10: Automaton G; = G||A; of Example .

b

D)
2N, 4N, 3y {6V, 5Y]

Figure 2.11: Diagnoser automaton G, = Obs(G||A;) of Example .

According to Definition [2.17 a necessary and sufficient condition for language
diagnosability, based on the construction of diagnoser automaton G, can be stated

as follows.

20



Theorem 2.1 [6/ Language L, generated by automaton G, is diagnosable with re-
spect to projection P, and ¥¢ = {o} if, and only if, G4 does not have indeterminate

cycles.

The following example illustrates the construction of G4 and the verification of

the diagnosability of language L.

Example 2.10 Consider the system modeled by automaton G, shown in Figure
where ¥ = {a,b,d,g,t,0r}, ¥, = {a,b,d,g,t} and ,, = Xy = {o}.
Suppose that we want to wverify if the language of the system L is diagnosable
with respect to P, and o¢. In order to do so, we need to compute the diag-
noser automaton Gy. First, we compute automaton G; = G| A;, whose diagram
is depicted in Figure [2.15  Then, diagnoser automaton G4 = Obs(G)), depicted
in Figure can be computed. Fxamining G4, it can be noted that its state
set is formed with two negative states ({11N} and {12N}); five uncertain states
({1IN,2Y},{7N,8Y,3Y}, {11N,9Y,4Y } {12N,10Y,5Y} and {11N,3Y}); and three
positive states ({4Y'},{5Y'} and {6Y'}). Since G4 does not have indeterminate cy-
cles, L is diagnosable with respect to P, and X = {o}.

Figure 2.12: Automaton G of Example m

If L is diagnosable with respect to P, and X, then it is possible to define the
delay bound for diagnosis, denoted as z*, as the minimum value of z that satisfies
the diagnosability condition of Definition [2.14, The following example illustrates

the concept of delay bound for diagnosis.

Example 2.11 Consider diagnoser Gq from Example [2.10 While the system re-

ports to the diagnoser the sequence abgd, the diagnoser is still uncertain if the fault
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Figure 2.13: Automaton G = G||A; of Example .

N, 2Y
a

7N,8Y,3Y
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4Y 12N
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oY 11N

Figure 2.14: Diagnoser automaton G, = Obs(G||A;) of Example .

occurred or not. If sequence abgt occurs, the system is in state 6 and diagnoser is
certain that a fault occurred, which means z; = 4. If sequence abgdb occurs, the sys-
tem is in state 4 and diagnoser is certain that a fault occurred, which means zo = 5.
Finally, if sequence abgdg occurs, then the system is in state 5 and diagnoser is
certain that a fault occurred, which means z3 = 5. Then, the minimum value of z

that satisfies the diagnosability condition of Definition |2.14] is z; = 4.

In next chapter we present a brief resume of supervisory control theory, and the

methods for supervisor reduction.
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Chapter 3
Supervisor Reduction for DES

The idea of supervisory control in the modeling of a DES first appeared in [14], being
expressed in terms of observation and disabling of controllable events, carried out by
a minimally restrictive supervisor on a plant. This supervisor is, roughly speaking,
a feedback control capable of changing the behavior of a DES. The uncontrolled
behavior of this DES can be modeled by an automaton, whose language usually
contains sequences of events that violate certain specifications (or conditions) that
are imposed on the system. When this occurs, it is necessary to restrict the behavior
of the DES to a subset of this language through the use of feedback control. Then,
the supervisor can enable or disable events (usually not all events) in such a way
that this restriction is possible.

Modifying the behavior of system modeled by automaton G means, in practice,
to restrict language L(G) to some subset of it (namely the specification), represented
by an automaton H. In order to do so, we must build S (supervisor), capable of
making this change. However, attempts to apply the supervisory control theory
(SCT) to industrial problems have encountered some barriers as state explosion
[15]. One way of dealing with these problems is to reduce the size of the supervisor,
maintaining the controllability property [I, 2]. In this chapter we will review the
basic concepts of SCT and present algorithms to supervisory reduction proposed in
the literature, which can be adapted to handle the diagnoser reduction problem.

Although both diagnosers and supervisors are automata that, when reduced,
some property of interest must be maintained, there is a fundamental difference
considering each case: diagnosers do not have marked states; therefore, the problem
concerning the marked language of the automaton is applied only to supervisors,
not diagnosers. This suggests a reduced diagnoser is simpler to obtain.

This chapter is organized as follows: in Section [3.1] we present the definition
for the behavior of a controlled DES under full observation, where both controllable
and uncontrollable events are observable; also, the definition of controllability of

a language is presented. In Section [3.2] we explain the algorithms for supervisor
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reduction proposed in [2] and [I], with some examples of their applications.

3.1 Controlled DES Under Full Observation

Let L be the language that models the behavior of a given DES, defined over the
same event set ¥, where L = L is the set of all event sequences the DES can
generate. Without loss of generality, let us suppose that L(G) = L, and consider that
G = (X,%, f, 9, X;) is the automaton that models this DES. Similarly consider
the specification automaton H, whose language L(H) = L, C L contains only
the desired sequences of GG, excluding the sequences whose occurrence we want to
restrict. Therefore, we can say that L, is a sublanguage of L.

Then, we can formulate the supervisory control problem as follows: given an
automaton (G, obtain the supervisor S that interacts with G' under a feedback con-
trol system, depicted in Figure [3.I] In the design of feedback system, we ensure
that automaton S/G (S controlling G) will generate language L(S/G) = L, C L.

Automaton S/G is actually the specification automaton H.

Figure 3.1: Feedback supervisory control structure where S/G.

Formally, a supervisor S is a function of the language generated L by G, whose

image is the power set of events Y, and can be defined as:

S:L — 2%
s — S(s),

where the active event set I'y[f(zo,s)] that G can execute in the state f(xg,s) is
given by:
Pn[f (o, 8)] = T[f (o, 5)] N S(s).

Thus, G is not capable of execute the event in the state f(xg,s) if this event
does not belong to S(s). In other words, the supervisor S is the control law, while
the set S(s) is the control action generated by this law for a given sequence s.

Therefore, the language generated and marked by the controlled system (denoted
by S/G) can be defined as follows.
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Definition 3.1 (Language generated and marked by S/G) The language generated
by S/G can be recursively defined as

(i) e € L(S/G);
(ii) so € L(S/G) < (s € L(S/G)) A (so € L(G)) A (0 € S(s)).

The language marked by S/G is defined as

Lon(S/G) = L(S/G) N Ln(G).

According to Definition [3.1] it can be noted that the language L(S/G) is prefix-
closed.

The solution of the supervisory control problem when there are not uncontrol-
lable and unobservable events always exists and it is relatively simple to obtain.
However, in practical systems, there is no guarantee that all events of a system
are in fact controllable. Therefore, the event set ¥ of the automaton G has to be

partitioned in two disjoint subsets as follows:

Y =3 U,

where

i) X, is the controllable events set, i.e., the events that can be disabled by S;

i) X, is the uncontrollable event set, i.e., the events that can not be disabled by

S.

The representation of a controllable event in a given state transition diagram of
an automaton is made with a single trace on the correspondent oriented arc. Unless
indicated otherwise in the automaton, the event will be considered uncontrollable.

Then, considering this partition on ¥, a supervisor S will be called admissible if

(Vs € L(G), Zue N L[f (70, 5)] € S5(s)).

The supervisor S will be admissible if cannot disable uncontrollable active events.
In this work, only admissibe supervisors will be considered.

To assure the synthesis of an admissible supervisor S, we have to consider the
possibility that some uncontrollable events must be disabled during the processo in
obtaining the specification H. Then, a necessary and sufficient condition has to be
presented that guarantee the existance of the supervisor S. This condition derives

from the concept of controllability, that will be defined in the following subsection.
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3.1.1 Controllability of a Language

Consider a DES modeled by an automaton G controlled by a supervisor S, where
all events executed by G are observable by S. Then, the formal definition of con-

trollability is presented as follows.

Definition 3.2 (Controllability) Let K and L the languages defined over an event
set ¥ = X, US e, where K C L and L = L. Then, K will be controllable with respect
to L and 3. if, and only if

KY,.NLCK.

For all sequences s € K and an uncontrollable event o,. € Yy, if S04 € L, then
also 50y, € K. According to Deﬁnition controllability is a prefix-closed property
of a language, i.e., K will be controllable if, and only if, K is also controllable.
Moreover, although controllability is not preserved under intersection, it is preserved
under union. In other words, if two languages K; and K, are controllable, then
K U K5 is also controllable.

The existence of a supervisor whose language is controllable is conditioned to
the concept of controllability. Considering this, it is necessary to verify the control-

lability of a language, which can be stated by the following theorem.

Theorem 3.1 (Controllabiliy theorem [13]) Consider a DES described by automa-
ton G = (X, %, f,x0, Xm), where ye € X and L(G) = L = L. Let K be the
specification of the language such that K C L, being K # (). Then, exists a superui-
sor S, such that L(S/G) = K if, and only if

KY,.NLCK.

Thus, for K to be controllable with respect to L and ¥, all undesirable sequences
must be part of the specification.
In order to illustrate the concept of controllability, consider the following exam-

ple.

Example 3.1 Let G and H be two automata depicted in Figures and [3.3, re-
spectively, where ¥ = {a,b,c},L = L(G) = {abc,acb} and K = L(H) = {acb}.
Also, let ¥,. = {b}. In state 2, the supervisor must disable event b so only event c
could occur, in order to satisfy the specification. However, event b is uncontrollable,
which makes this impossible to occur. Therefore, it is said that K (and also K ) is
not controllable with respect to L and ¥,.. On the other hand, if ¥,. = {c}, the

system will be controllable.
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Figure 3.2: Automaton G of Example
20020260

Figure 3.3: Automaton H of Example .

Supremal Controllable Sublanguage

When the specification language K is uncontrollable, one of the alternatives is to
find the “largest” sublanguage of K that is controllable, where “largest” concerns
inclusion of sets. This language is called supremal controllable sublanguage of K,
denoted by K¢,

According to [I6], the controllability property is closed under set union, i.e.,
there exists a unique largest controllable language K¢ such that K¢ C K. In
other words, if languages K;,i = 1,2,...,n, are controllable with respect to L(G)
and X,., then the language K1 U Ky U ... U K, is also controllable. Then, it can be
concluded that the supremal controllable sublanguage of a given language K always
exists. The following properties of this supremal controllable sublanguage hold [13]:
(i) In the worst case, K¢ = ); (i7) If K is controllable, then K¢ = K; (iii) If K
is prefix-closed, then so is K1¢.

The following example illustrates the concept of K1¢.

Example 3.2 Consider the two automata, G and H, depicted in Figures and
respectively, where ¥ = {a,b,c} and X, = {a}. Let L = L(G) and K = L,,(H).
Then,

K = {abc, acb, cha}.

Note that K is not controllable, considering that contains as a prefix event ¢, which
can be extended in L by the uncontrollable event a, and ca ¢ K. Thus, we need to
remove from K all sequences that contain event ¢ as a prefix. After removing those

sequences from K, we obtain
K, = {abc, acb},
which is controllable. Then, K'¢ = K.
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Figure 3.5: Automaton H of Example .

In order to apply the supervisor reduction algorithms proposed in [I] and [2] in
diagnosers, the marked states of supervisors will be omitted. In next section, we

present these algorithms.

3.2 Supervisor Reduction Methods

Considering that supervisors normally contain some redundant information that can
be easily inferred from the structure of the plant, it seemed natural to conceive the
possibility that the construction of a minimal (or at least with fewer states than
the original) could be made. In [I1], the authors stated that the construction of
a minimal supervisor is time-exponential with respect to the state size of a given
supervisor. It was shown in [2] that this problem is, in fact, N P-hard. Then, in [I]
is proposed a heuristic polynomial-time algorithm for supervisor reduction, based

on the concept of control covers. This method is presented in the next section.

3.2.1 Reduction Based on Control Covers

The supervisor reduction problem in [I] can be resumed as follows: given a supervisor
S = (X955, f5, 25, X5) for a specification H on a plant G = (X, 3, f, zo, X,n), we
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want to find a supervisor S’ with fewer states than S and that is control equivalent
to S, 1.e., the language of the supervisory control of S is equivalent to the language
of the supervisory control of S’. Therefore, such an automaton S’ is called a reduced
Supervisor.

In order to compute the control cover, the following definitions were proposed in

.

Definition 3.3 (Eligible event set) The set of eligible events at any state x € X is
defined as
Elig(G,z) := {0 € X|f(x,0)!}.

Definition 3.4 (Cover) A cover of a supervisor S is defined to be a family {X; C
XS i €1} of the subsets of the state set of S with the following properties:

1. (Viel),X;#0
2. (Vi,jel)itj=X,¢X,

3. for a subset I,, C I: Xfl = Ujer,, X; — X5 — XSL = Uier—1,,X;, where I is

some arbitrary index set.

According to Definition , a cover of a set X° is a family of subsets of X*
whose union is X*°. Also, the elements of a cover of S inherit the marking structure
of S.

Definition 3.5 (Deterministic cover) A cover of S is defined to be deterministic if
[(Vi,j € I)(Vo € £) (3z,y € X;) |f5(z,0) € X; and [°(y,0)! = [(y,0) € X;].
where f° is the transition function of S.

According to Definition [3.5] a cover is deterministic if no two states of any
element of the cover make transitions to different elements of the cover under the

same event.

Definition 3.6 (Disabled set) Let v, € X° be any state of S. Let X'(z1) C X be a
subset of states of the plant defined as follows:

X'(z)={r e X (x,,) € XI5},
Then, the set of disabled events at x1 is defined as
Disabled(z1) := {0 € X.: (3 € X'(x1))[o € Elig(G,x) — Elig(S,x1)|}.
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The set Disabled(z;) is formed of the events that are disabled in the plant at a
state x € X such that (z,z;) € X9,

Definition 3.7 (Control cover) Any two states x, x5 € X° are defined to be control
consistent if Disabled(xy) = Disabled(xzs). A cover of S is defined to be control

consistent if
(Vi € I)(Vaq, 20 € X;)[x1 and x5 are control consistent].

If a cover C' of S is deterministic and control consistent, then C s called a control

COvVEr.

Before we present the application of the method proposed in [I], some definitions

are necessary.

Definition 3.8 (Ineligible event set) Let x € X°. Then, the set of ineligible events

at x is defined as
Ineligible(x) := 3. — (Elig(S, x) U Disabled(z)).

The set Ineligible(x) is formed of the events that are not physically possible at x.

The difference between the disabled set and ineligible set is that the later is the
set of events that are physically impossible to occur in a given state of plant G due

to the nature of the system.

Example 3.3 Let G be an automaton that represents a plant to be controlled, de-
picted in Figure and S be a supervisor controlling G, depicted in Figure [3.7
Consider that > = {a,b,c,d, g,t}, where ¥, = {a,b,d, g,t} and %, = {c}. Accord-
ing to Deﬁnition the eligible event set for state 1 is {g,t}. Note that state 1 in
S does not disable any event in G, and the events a, b, d are ineligible to occur in this
state, according to Definition[3.8. Also note that states 4 and 5 in S disable event
d in G. Then, the ineligible events set of states 4 and 5 are, respectively, {a,b, g,t}
and {b, g,t}. Table shows the disabled and the ineligible state sets for all states
of S.

According to Definition a possible deterministic cover for S is the set C' =
{{1,4,5},{2,3,6}}, where does not exist two states in any of the subsets {1,4,5}
and {2, 3,6} that make transitions to different elements of the cover under the same

event.

Definition 3.9 (Control compatible) Any two states x1,x5 € X° are defined to be

control compatible if

Disabled(z1) C Disabled(x2) U Ineligible(zs), and
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Figure 3.7: Supervisor S of Example .

Table 3.1: Disabled and ineligible state sets for all states of S of Example .

State | Disabled Events | Ineligible Events
1 0 {a,b,d}

0 {a.d gt}

0 {a, b, g}

d} {a/7 b7 g7 t}

d}

0

{
{ {b,9,t}
{a, b, g}

O O W= | W DN

Disabled(x2) C Disabled(xy) U Ineligible(zy).

Definition 3.10 (Marking compatible) Any two states xy, x5 € X° are defined to

be marking compatible if
(Vo € X)) [((z,21), (z,2) € X)) = (27 € X5 25 € XI)).

Definition 3.11 (Compatible states) Any two states x1, 15 € X° are defined to be
compatible if they are control and marking compatible. Otherwise, the two states are
defined to be incompatible. For any x € X°, the sets of compatible and incompatible

states are defined as
Compatible(z) := {y € X® : v and y are compatible}

Incompatible(z) = {y € X° : x and y are not compatible}.
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Definition 3.12 (Mergeable states) Any two states x1,75 € X° are defined to be

mergeable if they are compatible and
(Vo € 2)[f5(x1,0) and f5(xq,0) are compatible].
For any v € X, the set of mergeable states is defined as
Mergeable(z) = {y € X° : x and y are mergeable}.

According to Definitions and [3.12] it can be noted that two states will be
considered mergeable if they are compatible, and their transitions functions under
the action of the same events lead to also compatible states. Thus, the cover com-
puted where its elements are mutually mergeable states will be deterministic if the
original transition structure of the supervisor is respected.

In [1], three algorithms were developed in order to compute the control cover
and merge states in the supervisor. The first one is to compute the merge-
able state sets for each pair of events, according to Definition [3.12] and is called
findMergeableStateSets. Thus, it is necessary to find all the compatible and incom-
patible pairs in order to compute the mergeable set. The algorithm starts creating
a list for each pair (z,y) that is reached for another pair through the execution
of the same event. Then, the next step is to cross all the pairs (x,y) such that
y € Incompatible(z). The “crossing” operation means that the pair crossed is not
mergeable and, therefore, will not compose the desired control cover. Next, the
algorithm checks if there are any pair of states that reaches a crossed pair, and then
cross this pair. In other words, for all ¢ € ¥ and (w, 2) € X such that f%(w,0) = x
and f%(z,0) = y or vice-versa: if (z,y) is crossed, then the pair (w, z) will also be
crossed. This occurs recursively until all pairs on the list of each pair crossed are
also crossed. The other pairs that were not crossed in this procedure are added to
Mergeable(x), which is the set of states that can be mergeable with state . The
algorithm ends when the mergeable set is obtained for all states in X?.

The second algorithm, called findMazimalMutuallyMergeableSet, begins by com-
puting an element X{E that contains the initial state of S. Consider that « is an
event eligible to occur at any state belonging to Xiso; then, to guarantee that the
computed cover is deterministic, it is necessary to ensure that f° (ng, «) is a sub-
set of some element of the cover. Otherwise, the algorithm computes an element
that contains it. The main procedure of this algorithm takes as input a set whose
elements are pairwise mergeable, and the output X/ is also a set such that all its
elements are pairwise mergeable. This maximal element, X7, will form an element
of the control cover if it is not a subset of any existing element. Therefore, the

criterion of merging states in [I] can be stated: the maximal mutually mergeable
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state set, where all its elements are pairwise mergeable, is put on the control cover
C' and is automatically merged in order to form the reduced supervisor S’. It can
be noted that this procedure always starts computing the set X, , where the initial
state of S is the first element of this set. Thus, if this set is the maximal mutually
mergeable set, it can be inferred that the reduced supervisor depends of the choice
of the initial state of S.

The last and third algorithm, called findControlCover, puts exactly this maximal
element X as the first state set (not necessarily containing the initial state of S)
of the cover. Then, it computes the maximal element considering the other states
that were not added to X7, and adds the result to C. The algorithm ends when all
the states forms maximal elements in the resulting control cover, and the reduced
supervisor is obtained by the merging of the elements that forms each subset of the
control cover.

The following example illustrates the supervisor reduction method proposed in
1.

Example 3.4 Let us consider again automaton G from Ezample that repre-
sents a plant to be controlled, depicted in Figure [3.6, and S be a supervisor con-
trolling G that we want to reduce, depicted in Figure [3.7. Consider again that
Y ={a,b,c,d, g,t}, where ¥, = {a,b,d,g,t} and ¥,. = {c}. Then, the Table
that shows the disabled and the ineligible state sets for all states of S obtained in
FExample can be computed.

Note that event d is eligible to occur in state 3, but it is disabled in state 4. Then,
states 3 and 4 are incompatible. Also note that event d is disabled in state 5. Thus,
states 3 and 5 are incompatible. From Table we can compute the compatible
state sets for each state, shown in Table[3.9

Table 3.2: Compatible states of Example .

State | Compatible States
1 {1,2,3,4,5,6}

{1,2,3,4,5,6}
{1,2,3,6}
{1,2,4,5}
{1,2,4,5}
{1,2,3,6}

O O | W N

According to Table of compatible state sets, we now compute the first algo-
rithm, findMergeableStateSets. The algorithm starts with initial state 1, and does

the following checks and crossing:

o (f3(1,1), f5(3,t)) = (3,4). Since states 3 and 4 are not compatible, then (1,3)

1S crossed;
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o (f5(1,1), f5(6,t)) = (3,4). Since states 3 and 4 are not compatible, then (1,6)

18 crossed;

Since there are no more pair of compatible states that execute the same event,

the algorithm ends and the mergeable states are computed. The result is shown in

Table[3.3.
Table 3.3: Mergeable states of Example

State | Mergeable States
1 12,45
1,2,3,4,5,6
2,3,6
1,2,4,5
12,45
2,3,6

O O = | | N

Now, the algorithm findControlCover starts, where the first step is to com-
pute the algorithm findMazximalMutuallyMergeableSet. This algorithm starts with
initial state 1: X;g = findMazximal MutuallyMergeableSet({1}). Since all ele-
ments of Mergeable(1) are pairwise mergeable, the output is X2 = Mergeable(1) =
{1,2,4,5}. The events eligible at Xii are: {a,b,c,g,t}. Then, the algorithm tests

the transitions for all eligible events at Xiso, obtaining the following:
o [ a) = {6};
o [0 = {3}
o [UXE ) =15
o [H(X5.9)=1{2}
o fAX5t) = {3}

When f5(X7, o) is a state (or set of states) that are in X7, the algorithm contin-
ues without any new merges. This is the case for fs(Xf), c) ={5} and fS(Xf),g) =

{2}. Then it is tested the output for findMaximal MutuallyMergeableSet({3})

whose result 1s:
findMazimal MutuallyMergeableSet({3}) = {2, 3,6}

Note that for state, 2, 3 and 6, we have f5(X;,d) = {2,3}, which is an element
of set {2,3,6}. Then, {2,3,6} is added to C. Since there are no more states reached
with the same o from {2,3,6}, the iteration for X{? ends. After this iteration, the

algorithm discovers that no new states are generated.
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Then, the algorithm findControlCover simply puts the sets formed in the previous
algorithm on C':
C={{1,2,4,5},{2,3,6}}.

Thus, the supervisor induced by C, S’, is depicted in Figure[3.8

¢ 9

O

-{1,2,4,5}

A

A 4=
C7d7t a7b7g7t
\

{2,3,6}

0

Figure 3.8: Reduced supervisor S’ of Example .

Note that the reduced supervisor S’ of Figure is nondeterministic. Therefore,
in the following section, the method for supervisor reduction proposed in [2] is pre-
sented, where the concept of control congruence is introduced in order to guarantee

that the reduced supervisor is deterministic.

3.2.2 Reduction Based on Control Congruence

As addressed in [2], the optimal solution for the supervisory control problem is
obtained by the supremal controllable sublanguage, represented by the supremal
supervisor, which has state size of order the product of state sizes of the plant
and specification transition structures. Therefore, the state size reduction of the
supremal supervisor can be possible without affecting controlled behavior. The
definition of a cover in [2] is less restrictive than that of [I1], showing that a cover
is necessary as well as sufficient for supervisor reduction. Thus, the authors in [2]
developed the concept of control congruence, which is a special case of a control
cover, providing a polynomial-time reduction algorithm.

In this section, consider that the DES to be controlled is modelled as a discrete
transition structure G = (X, %, f, o, X,,) and S = (X*, %, f9, 25, X5 is a supremal
supervisor. Let E : X° — 2% denote the enabled event set at state z € X, with

x> B(x) = {o € 2| f%(x,0)}.
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Also, let D : X° — 2% denote the disabled event set at state z € X*°, with
v+ D(z) = {0 € %|f°(x,0)! and (3s € ) [f5(z5,s) = 2 and f(xg,s0)!]}.

Concerning the marked behavior of S, let M : X° — {true, false} and T :
XS — {true, false}, with

x = M(z) = {true, if z € X;i},

x> T(x) := {true, if (3s € %) f5(zf,s) = = and f(xo,5) € X, }.

Let also R € X® x X° be the binary relation such that for a pair z,2’ € X*,
(xz,2') € R if, and only if:

Cl. E(z)Nn D(z') = E(2") N D(z) = 0.
C2. T'(z) =T (") = M(z) = M(2).

Condition C1 says that for a pair of states (z,2') € R, the associated en-
able/disable control actions should be consistent, i.e., no event is enabled at x but
disabled at z’. Condition C2 requires that states (z,2’) € R be consistently marked
either true or false in S if they are reachable by some sequences s, s’ in L,,(G), or
else if neither is reachable by sequences in L, (G).

The definition of control congruence is presented as follows.

Definition 3.13 (Control congruence [2]) A cover C = {X7 C X5|i € I} of X%,

where I is an index set, is a control cover on S if
1. (Vie )X #0A(Vo,2' € XP)(x,2') € R
2. (VieI)(Vo e X)(3j € D[(Vz € X0)&(x,0)! = &(x,0) € X7]

The subsets X2 are the cells of C. Then, a control cover C is a control congruence

if C' is a partition on X°, namely the X? are pairwise disjoint.

Note that condition C1 also requires that each cell of C' must be nonempty, and
that each pair of states in the same cell should belong to R, i.e., both associated
control action and marked status should be consistent. This is the same condition
stated for the computation of control cover in Section [3.2.1} Then, condition C2
states that for each X7 € C and each o € ¥, the set of states that can be reached
from any state in X by the next transition executing event o is covered by some
X JS € (. It can be inferred that in the cells of a control cover a state can belong to
more than one cell X, but this ambiguity is solved by the analysis of the enabled

restriction F to the cell X of the cover, maintaing the pairwise disjointness.
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Therefore, the algorithm called Reduction Algorithm (RA), proposed in [2], com-
putes a control congruence as follows. First a control congruence C' on §'is created,
initially set to be a set of one state of X°. Also, a list on X° x X9, starting with
the emptyset, is created. This is a list of state pairs that are waiting to be merged,
1.e., if all subsequent tests for mergeability return true, then each state pair will be
merged in the same cell of the control congruence that is formed by RA. Consider
that the initial state of S is ;. The main procedure starts by testing the initial
state with the next one by following the order of the states previously given from S.
Then, if two states x1, zo € X satisfy (z1,72) € R, i.e., if the pair (z1, x5) satisfies
both conditions C1 and C2, the algorithm checks mergeability in the following with
a subroutine procedure: for all o € X, where f(z1,0)! and f9(zy,0)!, it is verified
if (f9(x1,0), f5(x9,0)) € R. If (f5(x1,0), f¥(x2,0)) ¢ R, then z; and x5 will not
be merged on S. On the other hand, if (f°(x,,0), f¥(x2,0)) € R, then x; and x5
will be merged on S, forming the cell {x, 22} of the control congruence C.

If (x1,22) ¢ R, then the algorithm returns false, and the pair (zq,x2) is not
merged, 7.e., no state-merge occurs on S. This procedure repeats until a pair satisfies
both conditions C1 and C2, and the subroutine to check mergeability is computed.
After this, the algorithm tests the mergeability between z; and next state of S,
x3. Suppose now that x; and xs were merged on S. Then, it is checked if state x3
satisfies 1,23 € R and z9, 23 € R. If one of them holds not true, then no state
is merged on S. On the other hand, if both holds true, the subroutine procedure
is computed for all o € ¥, where f9(z1,0)!, f°(x2,0)! and f%(z3,0)!, it is checked
if (f9(x1,0), f%(x3,0)) € R and if (f5(xq,0), f%(x3,0)) € R. If one of them holds
not true, there is no state merging on S. On the other hand, if both holds true,
then state x3 is merged on S with state x; and xs, i.e., z3 is added to cell {1, x5}
of C, forming the cell {z1, x5, x3}.

This procedure ends when all the pairs that are merged are added to control
congruence C, and the pairwise disjointness is guaranteed.

The following example illustrates the supervisor reduction method proposed in

2.

Example 3.5 Let us consider again the plant automaton G and supervisor S con-
trolling G, depicted in Figures |3.6] and respectively. Note that S is in fact a
supremal supervisor. Consider also that D(4) = D(5) = {d}, and D(1) = D(2) =
D(3) = D(6) = (. Then, the algorithm starts testing the mergeability between initial
state 1 and the next state considering the previous order given by S. Thus, the first
pair tested for mergeability is (1,2). It is clear that (1,2) € R. Since there are no
o € X such that f5(1,0)! and f5(2,0)!, then states 1 and 2 are merged on S, and
(1,2) is added to C.
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Now, the algorithm continues, and checks that (1,3) € R. Thus, the algorithm
checks that f5(1,t) = 3 and f5(3,t) = 4, and tests if (3,4) € R. Clearly (3,4) ¢ R,
and then no states are merged on S. The next pair tested is (1,4), and (1,4) € R.
Since there are no events in common between states 1 and 4, the algorithm now tests
state 4 with the other state in the cell {1,2} of the cover. Clearly, (2,4) € R, and
then state 4 is added to cell {1,2}, generating the cell {1,2,4}. The same procedure
is done with state 5, where clearly the following holds true: (1,5) € R, (2,5) € R and
(4,5) € R. Thus, the state 5 is added to cell {1,2,4}, generating the cell {1,2,4,5}.
The last test for state 1 is with state 6, where (1,6) € R. Thus, the algorithm checks
that f5(1,t) = 3 and f5(6,t) = 4, and tests if (3,4) € R. Clearly (3,4) ¢ R, and
then no states are merged on S. Therefore, the last remaining test is for pair (3,6).
Note that (3,6) € R, but f5(3,d) = 2 and f5(6,d) = 3. Since 2 is already in a cell
where state 3 cannot be added, the merge (3,6) violates the pairwise disjointness of
control congruence, and then states 3 and 6 are not merged. Therefore, the cells {3}

and {6} are added to C, and the control congruence is formed:

C={{1,2,4,5},{3},{6}}.

Finally, the induced supervisor, S’, has its states formed for each cell of the cover

C. The reduced supervisor S' is depicted in Figure[3.9.

)

g

O,
- {1,2,4,5}=={6}

c,d,t "b,t
(3)—2

Figure 3.9: Reduced supervisor S” of Example .

Note that the reduced supervisor for Example has two states, but is non-
deterministic, while in Example the reduced supervisor has three states, and is
deterministic. Although the results are satisfactory in terms of complexity reduc-
tion (the original S had six states), remains open if it is possible to obtain a smaller
deterministic supervisor than the one depicted in Figure 3.9 In next chapter, we
present an algorithm for diagnoser reduction and apply it to a diagnoser with sim-
ilar construction to the supervisor S from the examples of this section, in order to

compare the efficiency of methods.
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Chapter 4

Diagnoser Reduction Method

An efficient diagnoser is the one with the less delay of diagnosis as possible, so
that the fault can be diagnosed without causing considerable impact on the system.
There is a drawback of implementing the diagnoser proposed in the literature, which
concerns its state set that can be very large, requiring a great amount of memory
to be implemented in complex systems. Then, a reduced diagnoser is desirable for
greater economy of implementation, as long as the diagnosis delay is the same as the
original diagnoser. In this chapter, we propose an algorithm to reduce diagnosers,
in order to maintain the diagnosability of language and diagnosis delay.

Consider that language L of an automaton G that models a given DES is diag-
nosable with respect to P, and ¥;. In this case, the diagnoser proposed in [6] can be
constructed for online diagnosis. Since the diagnoser is based on the computation
of an observer automaton, then, in the worst-case, its state set can grow exponen-
tially with the number of states of the plant G. However, in average, the size of the
diagnoser does not grow exponentially with the number of system states, but it can
still be a large number for complex and large systems [7].

In this chapter we propose an algorithm for reducing the diagnoser G4 such that
the diagnosability of L and the delay for diagnosis are both preserved. The structure
of the chapter is as follows. In Section[d.1], the first step in order to reduce a diagnoser
is presented. In Section[d.2] we present what is in fact the procedure of state merging.
In Section [4.3] we compute, for each state of diagnoser, the set of states that cannot
be merged with that state. In Section [{.4 the computation of a deterministic
diagnoser is presented, considering our desire to implement deterministic reduced
diagnosers. In Section we compute the mergeable states set for each pair of
states. In Section we present the algorithm for diagnoser reduction, with an

example of its application.
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4.1 First Step in Diagnoser Reduction

The first step for reducing the diagnoser is to merge all positive states of Gy
into a single state, denoted as F, generating a new diagnoser automaton G’ =
(X3, X0, fi,70,), where X7 is the set formed of singletons of all elements of Xy U
Xny U{F}, e, X ={{za} 1 va € XnUXNy U{F}}, fi({za}, 0) = { fa(za, o)}, if
falwa,0) € XxUXny, fi({zah0) = {F}, if f(wa,0) € Xy, and fi({F},0) = {F},
for all o € ¥,, and x(, = {wo,}. This state merging is possible since the knowledge
of the system state after the fault detection is unnecessary for the diagnosis decision
and for the computation of the diagnosis delay. In the sequel, we present an example

to illustrate the computation of GY,.

Example 4.1 Consider the system modeled by automaton G, shown in Figure|].1
where ¥ = {a,b,c,d,t,0r}, ¥, = {a,b,c,d,t} and ¥, = Xy = {0}, and suppose
that we want to verify if the language of the system L is diagnosable with respect to
P, and oy. In order to do so, the diagnoser automaton Gg, depicted in Figure
can be computed. Since G4 does not have indeterminate cycles, then L is diagnosable
with respect to P, and oy.

The positive states of Gq are {TY'} and {8Y'}. Then, we can merge {7Y'} and
{8Y'} into a single state, denoted as {F'}, generating the diagnoser automaton G,
shown in Figure . Note that a self-loop is introduced in state {F'} labeled with all

observable events.

Figure 4.1: Automaton G of Example

In the first step of the diagnoser reduction only positive states are merged. How-
ever, in some cases, it is possible to reduce G, obtaining a new diagnoser automaton
0= (X7, %0, fi,75,), by merging also negative and uncertain states of GJ;. In next

section, we present the procedure of state merging.

4.2 Procedure of State Merging

After merging positive states into a single state labeled F', it is possible to reduce

even more the original diagnoser. The method proposed in this work consists in
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Figure 4.3: Automaton G, of Example
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the merge of negative and uncertain states. Thus, in this section we present an
algorithm for merging two states of a given diagnoser.

In Algorithm [4.1] we compute automaton G/; obtained after merging two states x
and y of an automaton Gy into a single state xUy. It is important to remark that all
reduced diagnosers computed in this work are obtained from merging states of the
original diagnoser G',. Thus, since each state of G, is a singleton formed of a state of
Ggqor F, then a state z; € X[ of G has the following form 2/} = {x4,, Z4,, ..., %a,},
where {z4,} € X,.

Note that, in Algorithm (4 . G, and G’ are considered nondeterministic au-
tomata, i.e., fy: Xq X So — 2% and f: XY x 8, — 2%X¢. However, Algorlthm.
can also be used if Gy is deterministic by considering the codomain of fd equal to

the set of all singletons formed with the elements of X,
Theorem 4.1 L(G!) C L(GY).

Proof. Let G, = (X,,%, f,,x0) depicted in Figure be an automaton
that models a given DES, where ¥ = {o1,09,03,...,0,-9,0,-1,0,}. The

proof of this theorem is straightforward by construction of Gj. Note that

L(G,) = {010305...0,-10,02040¢...0,-20,}. Let us consider, without loss of
generality, the operation of merging states zi,7, € X,. Automaton G, de-
picted in Figure [£.5] is the automaton generated after merging states zi,zs.
Note that when we merge states w1, xy the past behavior of x; and x5 con-
verges to the same state (x1,z3). As a consequence, new sequences are cre-
ated, for instance: ©¢y040¢...0,-20,. Also note that the sequences of L(G),),

010305 ...0,10, and 09040¢...0,_20,, belongs to L(Gp). Thus, L(G)) =
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Algorithm 4.1: MERGE(CJd,x,y)

Input: Gy = (Xd7207fd7:%0d)7 T,y € X4
Output: G = (X7, %,, fi, 7q,)

X = (Xa\ {z,y}) U{zuy}
2 if 2o, € {z,y} then
3 L:U{)’d<—:cUy

[uny

4 else
5 ond % Iod

6 Let vy = x Uy. Define transition function f7, for all o € 3,, as:

(1) é’@y,a) = fd(l‘70) U fd(ya0)7 if (fd(x70-) U fd(y,0)> N {l’,y} 7é 0

(i) (fﬁy o) = {zy} U (fulz,0) \ {z,y}) U (faly,0) \ {z,y}), if
ﬂ{l’ y};«é@or fd(y7 ) {xvy}#w

o)
(z,0) = d( o), for all z € X, \ {z,y}, if fd(z o)N{x,y} =10

= {zy} U (fa(z,0) \ {z,y}), for all z € X, \ {z,y}, if
(w)ﬂ{x yt #0

{010305...04,_10,010406 . ..0n_90,, 020305 . ..0p 105, 020406 . . . On_20,}. Clearly,
L(Gp) € L(G),), which completes the proof. |

g3 05 On—1
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g2 o4 On—2 On

T2 X4

)
e

Figure 4.4: Automaton G).
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Figure 4.5: Automaton GJ,.

According to Theorem the language generated by G7}, obtained by merging

states of G/}, contains the language generated by G/;. This language growth must not
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alter the diagnosability of the fault event of, and cannot change the delay bound

for diagnosis. In order to do so, the following property must hold.

Property 4.1

(1) For all s € L\Ly, such that Py(s) ¢ P,(Ln), we have that fj(xg , Py(s)) =
{F}}-

(i7) For allw € Ly, d(:vod, »(w)) N{{F}} =0.

Property (1) guarantees that all faulty sequences s € L\ Ly, that can be
diagnosed by Gy, are also diagnosed using G’ and with the same delay. In addition,
Property (71) avoids the generation of false positives.

In order to obtain G7}, only negative and uncertain states of G/, are merged. Thus,

it is necessary to define which states of G/, can be merged to guarantee Property

£l

Definition 4.1 States z,y € X, \ {{F}} are said to be contradictory if there ex-
ists 0 € ¥, such that fi(x,0) = {F}, and fi(y,0) C Xy U Xny, or vice-versa.

Otherwise, states x and y are said to be noncontradictory.

Note, according to Definition [4.1] that z is noncontradictory with itself, for all
ze Xg\{{F}}.
The next theorem presents a necessary condition for guaranteeing that G sat-

isfies Property 1.

Theorem 4.2 If Property[{.1 holds, then contradictory states of G; are not merged
to obtain G.

Proof. Let us consider, without loss of generality, two contradictory states
z,y € X, \ {{F}}, i.e., there exists 0 € X, such that f)(z,0) = {F} and
fily,0) € Xy U Xpyy. Let § € L be the sequence with the greatest length
such that f)(zo,, P»(5)) = x. Thus, according to the computation of G/, we
have that s = S0 € L\ Ly and P,(s) ¢ P,(Ly). If states x and y are
merged, forming a unique state zy = x Uy, then, according to line 6 of Algo-
vithm [L, f4(a,, Po(3)) = oy}, and f1(al,, P3)o) = {fa(z,0)} U {fily. o)}, if
faly,0) ¢ {w,yh or fq (6, Po(8)0) = {falx, o)} Ufzy}, if iy, o) € {x,y}. Thus,
since by assumption f}(y, o) C XyUXyy, G is uncertain about the fault occurrence
after the observation of P,(§)o, Property [4.1]is violated. |

Note that not merging contradictory states is only a necessary condition to satisfy
Property [4.1], i.e., it is possible that merging noncontradictory states also violates

Property For example, when there exists a sequence of events s € 2% of length

43



greater than one such that f)(x,s) = {F} and f}(y,s) C Xy U Xy or vice-versa,
and z and y are merged, then Property .1 does not hold. This leads to the following

definition.

Definition 4.2 States x,y € X\ {{F'}} are said to be possibly mergeable if there
does not exist a sequence of events s € X% such that fi(x,s) = {F} and fi(y,s) C

Xy UXpyy, or vice-versa.

Theorem 4.3 Two states x,y € X\ {{F}} can be merged to form G’ satisfying
Property 1, only if x,y are possibly mergeable.

Proof: Let us consider, without loss of generality, four states x,y,w,z € X} \
{{F}} such that =,y are noncontradictory states, i.e., there exists o € ¥, such that
fi(z,0) C Xy U Xpyy and f)(y,0) C Xy U Xyy, and w, z are contradictory states,
i.e., there exists o’ € ¥, such that f)(w,0’) = {F} and fj(z,0') C Xy U Xpy.
Consider also that fj(z,0) =w and f(y,0) = z.

Let § € L be the sequence with the greatest length such that f/(zo,, P»(5)0) = w
Thus, according to the computation of G, we have that s = So0’ € L\ Ly
and P,(s) ¢ P,(Ly). If states z and y are merged, forming a unique state
xy = x Uy, then, according to line 6 of Algorithm , fi(xg,, Po(3)) = {w},
and f(zq,, Po(5)0’) = w and, at the same time, f7(zg,, P,(8)0’) = 2, which leads
us to conclude that G’ is nondeterministic. Thus, since by assumption f}(z,0) C
Xn U Xpy, there exists a sequence of events s € X% such that f)(z,s) = {F} and
fi(y,s) C XnUXpny, and GY is uncertain about the fault ocurrence after the obser-
vation of P,(§)o’, violating Property .1} Therefore, z,y cannot be merged to form
G} satisfying Property and, consequently, are not possibly mergeable. [ |

Note that the condition presented in Theorem is also only necessary, since
in Definition it is not taken into account the exceeding language that can be

generated after merging x and y. This case is illustrated in the following example.

Example 4.2 Consider the system modeled by automaton G, shown in Figure[{.6],
where ¥ = {a,b,c,d,o¢}, ¥, = {a,b,c,d} and £,, = Xy = {0}, and its diagnoser
G!; depicted in Figure [{.7 According to Definition it is possible to verify that
states {3N'} and {4N,6Y} are possibly mergeable. If we compute G’} by merging
these two states, we obtain the automaton depicted in Figure [{.§ Note that now
the observed sequence s = ca leads to both states {2N} and {F'}, which shows that
the fault is no longer detected after the observation of sequence s = abcca as in
G!,. Therefore, although {3N} and {4N,6Y} are possibly mergeable, they cannot be
merged without affecting the diagnosability of the system language.
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Figure 4.7: Automaton G, of Example

4.3 Computation of Not Mergeable States

In previous section, we defined that the diagnoser reduction procedure is made
through merging two states, but stated that two contradictory states could not be
merged. Then, it is necessary to identify, for each state, the set of states that cannot
be merged with this state.

In Algorithm we present a method for computing all pairs of states of au-
tomaton G/, that are certainly not mergeable according to Definition 4.2l The pairs
of states that are certainly not mergeable are stored in set M,,,. This algorithm is
presented as follows.

Note, according to Definition [4.2] that contradictory states are not mergeable.
Thus, in line 2 of Algorithm [4.2] C' is added to M,,. In addition, note that if a pair
of states (w, z) leads, after the occurrence of an event o, € ¥,, to a non-mergeable
pair of states, then (w), z) is also non-mergeable. Thus, in lines 7 and 8, these states
are added to M. A first in, first out queue @ is used in Algorithm [4.2] where
head[Q)], Enqueue(Q, (w, z)), and Dequeue(Q), denote, respectively, the procedures

C

b O . p
ON (3N}, {4N,6Y )—>{ 5N, 7v —>| 5N
a
" a O
b A d
1N a,b,e,d] F

Figure 4.8: Nondeterministic automaton G’ of Example
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Algorithm 4.2: NOT_MERGEABLE(GY)
Input: G = (X7, %,, fi,70,)
Output: Set M,,,; formed of all pairs of states that are not mergeable

1 C:={(z,y) e X;\ {{F}} x X)\ {{F}} : 2,y are contradictory}

2 M, + C

3 Flag all pairs of M,

4 Form a first in, first out queue () with the pairs of states of C' in any order

5 while Q # 0 do

6 | (x,y) < head|Q)]

7 | for each (w,z) € X)\ {{F}} x X\ {{F}} not flagged such that there
exists o € X, satisfying fi(w,0) = x and f)(z,0) =y do

8 Mot < Mo U {(w, 2)}

9 Flag (w, z)
10 Enqueue(Q, (w, 2))

11 | Dequeue(Q)

for obtaining the first element of @, adding (w, z) to the end of @), and removing
the first element of Q.

Since each pair of states is flagged only once in Algorithm [4.2] then each pair
is enqueued and dequeued only once. Thus, the complexity of Algorithm is

O(|X}|?), which is associated with the number of pairs of states of GY,.

Example 4.3 Consider diagnoser G, depicted in Figure where Y =
{a,b,c,d,t,0¢}, ¥, = {a,b,c,d,t} and ¥,, = Xy = {0y}, and suppose we want
to compute all pairs of states of G, that are not mergeable according to Definition
[4.9. Thus, we need to compute M,y using Algorithm [4.2 In line 1 of Algorithm
we form set C of all pairs of contradictory states of G, according to Definition

-1
C={({3N},{4N,7Y}), {3N},{5N,8Y}), ({4N, 7Y },{6N}), ({5N,8Y },{6N})}.

In line 2, C' is added to M, and, in line 4, a first in, first out queue Q) is formed
with the pairs of states of C'. After that, the main procedure in the while loop of
line 5 begins. If it is not possible to reach a pair of states (x,y) in My, from a
pair of states (w, z) after the occurrence of an event o € X, then (x,y) is removed
from Q. Otherwise, the pair (w,z) is added to M,,. Let us consider that the
first element of queue Q is ({3N},{4N,7Y}). From Figure it can be seen
that pair ({3N},{4N,7Y}) is reached by pair ({IN},{6N}) with event t. Thus,
({IN},{6N}) is added to My, but ({3N},{4N,7Y}) is not removed from @, since
this state is also reached from another pair of states. The algorithm continues and
finds that pair ({3N}, {4N,7Y'}) is reached by pair ({1N}, {3N}) with eventt. Thus,
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({IN},{3N}) is also added to M. Since there does not exist another pair of states
that reaches state ({3N},{4N,7Y}), then it is removed from Q. The algorithm

continues until () becomes empty. Then, the set M, obtained is

Myor ={({1N}, {3N}), {1N}, {6N}), ({3N}, {4N,7Y'}), ({3N}, {5N, 8Y}),
({4N,7Y'},{6N}), ({5N,8Y}, {6N})}.

In next section, we present an algorithm for computation of a deterministic

diagnoser. In this work we only compute deterministic diagnosers.

4.4 Computation of Deterministic Diagnoser

It is important to remark that the diagnoser automaton is, in general, deterministic
since the objective is to track the observed sequence of events generated by the
plant and, from the reached states of the diagnoser, identifies the fault occurrence.
Thus, two possibilities for obtaining the deterministic reduced diagnoser G, are
possible: (i) to merge states of G/, obtaining possibly a nondeterministic automaton,
and then to determinize it; or (i) to merge states of G/ in such a way that the
reduced automaton is already deterministic. Since the determinization may lead to
an exponential growth of the deterministic automaton with respect to the number
of states of the nondeterministic one, then we adopt approach (ii) to obtain directly
a deterministic automaton G7,.

In Algorithm , we present a method to compute a deterministic diagnoser G/
obtained after merging two states x,y € X, of an automaton Gg. In order to do SO0,
Algorithm [4.1]is executed until the transition function f; becomes deterministic, i.e.,
only one state is possible to be reached after the occurrence of a feasible event. Thus,
G obtained using Algorithm is deterministic. Another important characteristic

of G' is that, as in [2] and [10], its state set X, is formed of pairwise disjoint sets.

Algorithm 4.3: DET_MERGE(Gy, z, )
Input: éd = (Xd,Zo,fd,iod), and z,y € Xd
Output: G = (X4, %,, f7, x4 )

1 G4 < MERGE(Gy, ,9)
2 while Jw € Xy such that |fa(w, o) > 1, for o €%, do
3 LGd + MERGE(Gy, %, 9), where Z,7 € fq(w,0)

4éd<—éd

The complexity of merging states is O(|X,| x|Z|), and in the worst case the while
loop in algorithm merge pair of states until there is only one state, i.e., there
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will be |X,4| — 1 merges. Thus, the complexity of Algorithm [4.3)is O(|Xg4|* x |Z|).
Note that, in order to guarantee the determinism of automaton, after merging
two states x,y, it is necessary to merge all pairs of states that are reachable from x
and y after the occurrence of the same observable sequence. Thus, it is possible that
the state merging of two possibly mergeable states x,y leads to the state merging
of two not mergeable states, which shows that x,y cannot be merged. In addition,
it is possible that merging two states (x,y), forces the state merging of another pair
of states that contains = or y. Let us consider, without loss of generality, that the
state reached from (z,y) after the occurrence of an observable event, is (z,z). In
this case, in order to guarantee the determinism, it is necessary to merge the three
states x, y, and z into a single one. In order to do so, all pairs of states formed with
x, y, and z must be mergeable. Since the condition of Theorem to guarantee
Property is only necessary, we need to state a necessary and sufficient condition
for verifying Property [.1 Let M S(z,y) denote the set formed of the sets of states
of G!, that must be merged to guarantee the determinism of the reduced diagnoser,
after merging states z,y € X\ {{F'}}. Then, the following necessary and sufficient

condition to guarantee that states x,y € X, are mergeable can be stated.

Theorem 4.4 States x,y € X}, are mergeable if, and only if, ' ¢ M for all M €
MS(x,y).

Proof: (=) Let G/} be the deterministic diagnoser obtained by merging states z, y
of G/, according to Algorithm According to the construction of GY, it can be seen
that if s € L(GY) is such that fj(x(,,s) = xy, then x; C xj;, where xj; = fi((,, 5).
Thus, if ' ¢ M, for all M € MS(z,y), then all faulty sequences that leads G/ to
{F}, also leads G’ to state {F}, i.e., all faulty sequences that can be diagnosed
using G/, can also be diagnosed using GY. Using the same reasoning it can be seen
that all fault-free sequences do not lead G’ to state {F'}, which shows that G/ does
not raise false alarms.

(<) Let us suppose now that F' € M, where M € MS(x,y). Then, there
exists a state r4 € Xy U Xyy, such that z; € M. According to the construction
of G, there are different sequences s1,s, € L(G}), such that fi(zg,,s1) = {74}
and f(x,,52) = {F}. Thus, if state M of G is reached, we are uncertain about
which sequence s; or s, has occurred, and, consequently, we are uncertain about the
occurrence of the fault event. Thus, the diagnosis of the fault event, if possible, will
be delayed if sequence ss is observed. [ |

In next section, we present the algorithm for computing the set M.S(z,y) for

each pair of states of diagnoser.
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4.5 Computation of Mergeable States Set

Considering that we desire a deterministic reduced diagnoser, it is necessary to
guarantee the pairwise disjointness between each state set at each step of the merg-
ing procedure. Then, in Algorithm [4.4] we present a method to compute all sets
MS(z,y), formed only of sets of mergeable states of a deterministic automaton Gy,
obtained after merging states z,y € X,. The sets MS(z,y) are stored in a list
M L. Thus, if z, y are not mergeable then M S(z,y) is not added to list M L. Since,
in Algorithm [4.4] the necessary condition presented in Theorem is used with-
out computing the complete automaton G’ obtained using Algorithm , then the
computational cost for computing M.S(z,y) can be reduced.

In Algorithm [4.4] in lines 8 and 9, the states (w,z) reached from state (z,y)
are computed, and the mergeability of w,z is tested in lines 10 to 12 using the
necessary condition provided in Theorem [£.3] Note that this condition can be easily
verified, and, if it does not hold true, then z,y is not mergeable and the algorithm
can continue checking the mergeability of another pair of states. If (w, z) is possibly
mergeable, in line 14, it is verified if there exists in M S(z,y) a set of states with at
least one element equal to w or z. If this set does not exist, then, in line 15, (w, z) is
added to MS(x,y). On the other hand, if there is a set M € M S(x,y) such that w
or z belongs to M, then, in lines 17 to 26, it is verified if it is possible to replace M
with the new merged set in M.S(z,y). In order to do so, all pairs of states formed
with one element from {w, z} and the other from M must be possibly mergeable.
Finally, in lines 29 and 30, the necessary and sufficient condition of Theorem [4.4] is
verified, and if (z,y) are mergeable, then [(z,y), M S(z,y)] is added to list M L.

Since, at each run of the while loop of Algorithm [4.4] pairs of states are verified

for each pair of states (z,y) € X, x Xd, then the computational complexity of
Algorithmis O(|X4|* x [3]).

Example 4.4 Consider the plant automaton G depicted in Figure and its di-
agnoser G, depicted in Figure whose set of contradictory states M, has been
computed in Example [[.3. In order to obtain the list of mergeable states ML, it is
necessary to compute MS(x,y) for each pair of states (z,y) € (X} x X))\ Mo,
according to Algorithm[4.4 In line 4, the first pair (z,y) is added to MS(z,y) and
in line 5 a first in-first out queue Q) is formed with pair (x,y). In line 6 the while
loop begins.

Consider that the first state in Q is ({1N},{2N}). Note that pair ({1N},{2N})
does not reach any pair of states of G!; with the same event. Since ({1N},{2N}) is
mergeable, then set ({1N},{2N}) is added to MS({IN},{2N}).

Let ({3N},{6N}) be the next state added to @ in line 5.  Then, pair
({2N},{3N}) that is reached from ({3N},{6N}) with event d is computed in line
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Algorithm 4.4: COMPUTE_MS(G,)

Input: G4 = (X4, %o, fa, &o,)
Output: List M L where each element is of the form [(z,y), M S(z,y)]

1 M, + NOT_MERGEABLE(G,)
2 ML+ NULL

s for each pair of states (x,y) € (Xg X X4) \ My do

a | MS(z,y) < {{z,y}}
5 | Form a first in-first out ) with pair (z,y)
6 | while Q # () do
7 (x,y) < head|Q)]
8 for each o € Ty (v) N T (y) do
9 (U),Z) A (fdA<$,U),fd(y,U))
10 if (w,z) € M,,,; then
11 MS(z,y) < 0
12 | 8o to line 2
13 else
14 if AM € M S(z,y) such that {w,z} N M # () then
15 | MS(x,y) = MS(z,y) U {{w, 2}}
16 else
17 M + 0
18 for each set M € MS(x,y) such that {w,z} N M # () do
19 U={(u,v):ue€{w,z} and ve M}
20 if U N M,y # 0 then
21 MS(z,y) « 0
22 | go to line 2
23 else
24 M+~ MUM
25 | MS(z,y) + MS(z,y) \ M
26 | MS(z,y) + MS(z,y) U{M U {w, 2}}
27 | Enqueue(Q, (w, 2))
28 | | Dequeue(Q)
20 | if AM € M S(z,y) such that F € M then
30 LAdd [(z,y), MS(x,y)] to list ML
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9, and the mergeability of ({2N},{3N}) is tested in line 10. Since ({2N},{3N}) ¢
Mot then, it is verified in line 14 if {{2N},{3N}} N {{3N},{6N}} = (. Since
{{2N},{3N}} N {{3N},{6N}} # 0, then, in line 19, set U = {({2N},{6N})}
is formed, and in line 20 it is wverified if ({2N},{6N}) is not mergeable.
Since ({2N},{6N}) is mergeable, then set {{2N},{3N},{6N}} is added to
MS({3N},{6N}).

Algorithm [{.4] continues until all mergeable pairs x,y whose merging leads to
a deterministic diagnoser are added to M L. MS(x,y) for each pair of mergeable

states are presented in the sequel.

MS({1IN}, {2N}) ={{1N}, {2N}},
MS({IN}, {4N,7Y}) = {{{IN}, {4N, TV }} },
MS({IN},{5N,8Y}) ={{{1N}, {5N,8Y}}},

MS({2N}, {3N}) ={{2N}, {3N}},
MS({2N}, {4N, 7Y }) = {{{2N}, {4N, TV } }},

)
)
)
)

MS({2N}, {5N,8Y'}) = {{{2N}, {5N,8Y}}},
MS({2N},{6N}) ={{2N},{6N}},
MS({3N},{6N}) ={{2N},{3N} {6N}},

MS({4N, 7Y}, {5N,8Y'}) = {{{4N, 7Y}, {5N,8Y }}} .

After merging a pair of states z,y € X/ of G/, all state merging defined in
M S(z,y) must be performed. Then, a new automaton G/ is computed. Thus, as
shown in Theorem [1.1) L(G)) C L(GY), it is possible that two states 2”,y” € X}
are not mergeable even if all pairs of states formed with one element from z” and

the other element from y” are mergeable, as illustrated in the following example.

Example 4.5 Consider the system modeled by automaton G, shown in Figure[.9,
where ¥ = {a,b,c,0r}, ¥, = {a,b,c} and ¥,, = Xy = {oy}. First, we compute
diagnoser automaton G4, depicted in Figure[4.10. Since G4 does not have indeter-
minate cycles, then L is diagnosable with respect to P, and o¢. In this case, state
{6Y'} is the unique positive state of Gg4. Thus, state {6Y} can be replaced with F,
generating the diagnoser automaton G, depicted in Figure . Note that a self-
loop is introduced in state F' labeled with all observable events. Computing M,
according to Algorithm[{.9, we obtain:

Mo = {({1N}’ {4N’ 5Y})’ <{2N}7 {4N’ 5Y}>}

After obtaining M, for G',, we compute M S(x,y) for each pair of mergeable states
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(z,y), according to Algom'thm leading to the following sets:

MS({IN}, {2N}) ={{{IN}, {2N}}, {{4N,5Y}, {3N}}},

MS({IN}, {3N}) ={{{IN}, {3N}}},

MS({2N}, {3N}) ={{{2N}, {3N}}},
MS({3N},{4N,5Y}) ={{{3N}, {4N,5Y}}}.

Note that states {IN}, {2N}, and {3N} are pairwise mergeable. However, if we
merge the three states into a single state {{1N},{2N},{3N}}, we will be forced to
merge all states of G) into a single state {{IN}, {2N},{3N}, {4N,5Y }, {F}}, with
a self-loop labeled with a,b,c, to guarantee that G is deterministic. Thus, clearly

G! cannot be used for diagnosis.
~( &)*“ O=0,
b
b C
02020
-

Figure 4.9: Automaton G of Example
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Figure 4.10: Automaton G4 of Example .
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Figure 4.11: Automaton G/, of Example .

Example shows that after merging a pair of states of G, it is necessary to
compute M/, and the sets MS(x”,y"), for all mergeable pairs of states z”,y" € X/

O
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of G, in order to continue the reduction procedure. When no mergeable pair of
states is found, then the diagnoser cannot be reduced anymore, and G7, has been
computed.

Adapting the methods proposed in [2] and [10] to the reduction of diagnosers,
states of G, are merged according to a predefined order that these states are given.
However, the order that the states are merged is not exploited to obtain a reduced
automaton with a smaller number of states. In [I], a criterion to choose which states
are merged at each step of the reduction procedure is proposed. The basic idea is to
find, at each step, the maximal set of states that are pairwise mergeable, and then,
merge these states.

In this work, we propose a new criterion for choosing which pair of states, at each
step of the reduction procedure, should be merged to generate a reduced diagnoser.
We show that the new criterion may generate reduced diagnosers with a smaller
number of states than the method proposed in [2] and it will be deterministic,

differently from the one obtained using the method proposed in [1].

4.6 Diagnoser Reduction Algorithm

In previous section, we computed the mergeable states set for each state of G.
Then, to reduce G/, as maximum as possible, we establishes a criterion to define in
which order the state merging will occur. In this section we propose an algorithm
that exactly follows this criterion, and computes the reduced diagnoser G7J,.

As shown in Example the existence of a set formed of pairwise mergeable
states is only a necessary condition to merge all states into a single state, since the
state merging may alter the mergeability of the other states. Thus, the reduction
procedure must be carried out considering the merging of only pairs of states, and,
consequently, performing the merging of all states defined in M S(z,y), at each step
of the reduction procedure.

Let Gy = (X[, %, f, xg,) be the diagnoser computed after performing the merg-
ing of two states of a diagnoser G4. In order to choose which pair of states (x,y)
of G4 should be merged to obtain G7, we define N,, that measures the potential

merging of states of G7, as follows:

N,
Nm = Xf/ ’
| X3
where N, is the number of pairs of possibly mergeable states of Gj. Since the total
number of pairs of states of G} is given by W, then
[ Xal(Xg] —1) M

Ne: not |

2
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where M . is the set of pairs of states of G’ that are not mergeable obtained using

Algorithm

If N, is large, then there are several possible merging of pairs of states of G7,
which implies that the chance of merging more states in the next step of the reduction
procedure is greater than if N, is a small number. Using this reasoning, we choose
to merge, at each step of the reduction procedure, the pair of states of the diagnoser
G, whose merging leads to the diagnoser G/, with the higher value of N,,. This
procedure is described in Algorithm [4.5]

Algorithm 4.5: REDUCED_DIAGNOSER(G',)
Input: G
Output: G

1 Gd — G/d

2 ML +COMPUTEMS(G 4, Mpot)

s while ML # NULL do

4 | LN < NULL

for each element [(z,y), MS(z,y)] of ML do

G" < DET_MERGE(Gy, , )

M", + NOT_MERGEABLE(G")

not

X 10x21-1)
8 Compute N, = X7

d

9 | | Add [Ny, Gy to list LN
10 | Find the maximum number N,,,, of N,, in list LN
11 | Choose an automaton Ggm associated with N, in LN
12 | Gy« G

dmaz

13 | ML +COMPUTE_MS(Gyq, M,0;)

14 GZ — Gd

N o«

_IM'r/z/otl

Following the steps of Algorithm [4.5], the reduced diagnoser G is computed from
GY. In lines 2 and 3, M, and ML are computed for automaton G’d. Then, while
there are mergeable states in M L, in line 7, automaton G/} is computed for each pair
[(z,y), MS(z,y)] of ML, and, in line 9, N, is computed for each G’. In line 10, the
maximum number N,,., of N, is computed. Note that more than one automaton
G can have the same value of N,,,. Thus, in line 11, an automaton G  associated
with Ny, is chosen. After that, in line 13, M L is computed for G. If M L is NULL,
i.e., there is no mergeable pair of states, the algorithm stops and returns G, = G.
On the other hand, the algorithm continues, and a new reduction is carried out.

In the worst case, the while loop in Algorithm [4.5 merge pair of states until there
is only one state, i.e., there will be | X/j| — 1 merges. Also, at each run of the for loop
of Algorithm , pairs of states are verified for each pair of states (x,y) € X/, x X},
and ML is computed. Hence, the complexity of Algorithm is O(|X}°)|. The
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diagnoser reduction procedure is illustrated in the following example.

Example 4.6 Let us consider again the plant automaton G, and diagnoser G, both
respectively depicted in Figures and[{.3 of Example[{.]], and suppose we want to
obtain a reduced diagnoser, G7;, that is capable of verify diagnosability of language L
and has the same diagnosis delay of GI;. Then, it is necessary to compute Algorithm
[4.9. In line 2, the set M,y is computed, whose result was obtained in Example [4.5,

and is shown in the sequel.

Muor ={({1IN}, {3N}), ({IN}, {6N}), ({3N}, {4N, 7Y'}), ({3N }, {5N, 8Y'}),
({4N, 7Y}, {6N}), ({5N,8Y}, {6N})}.

In line 3, the MS(x,y) for each pair of mergeable states is computed, whose

results were obtained in Example[].], and are shown in the sequel.

MS({1IN}, {2N}) ={{1N}, {2N}},
MS({IN}, {4N,7Y}) = {{{IN}, {4N, TV }} },
MS({IN},{5N,8Y}) ={{{IN}, {5N,8Y}}},

MS({2N}, {3N}) ={{2N}, {3N}},
MS({2N}, {4N, 7Y }) = {{{2N}, {4N, TV }} },

)
)
)
)

MS({2N}, {5N,8Y}) = {{{2N}, {5N, 8V }}},
MS({2N},{6N}) ={{2N},{6N}},
MS({3N},{6N}) ={{2N}, {3N}, {6N}},

MS({AN, 7Y}, {5N,8Y}) = {{{4N, 7Y}, {5N,8Y }}}.

Then, the algorithm computes Ny, for each MS(x,y) obtained in previous step,
and adds the result for each pair (z,y) to list LN. G, has siz states, then |X)| = 6.
Thus, when a pair is merged, G'; has five states, i.e., | X}| = 5.

Let us compute N, for pair ({IN},{2N}). Note that when states {1N} and

{2N} are merged, the new M, set can be computed as

My ={(({1N}, {2N}), {3N}), ({IN}, {2N}), {6N}), ({3N}, {4N, 7V'}),
({3N},{5N,8Y}), ({3N}, {6N}), ({4N, 7Y}, {6N}),

({5N,8Y},{6N})}.

The computation of N, and N, are, respectively, given by: N, = (5x (5—1))/2—
7 =3, and N,, = N./|X[]| = 3/5. After computing N, for each pair of states, we
compute N,,. The list LN that contains the results of N,, for each pair of states is
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Figure 4.12: Merging of states {1N} and {4N, 7Y} of G/, of Example .

presented in the sequel.

LN ={[3/5, ({IN}, {2N})], [6/5, (1N}, {4N, 7Y })], [6/5, ({1N}, {5N,8Y })],
[4/5, ({2N}, {3N})], [3/5, ({2N}, {4N, 7Y })], [3/5, ({2}, {5N, 8Y })],
[4/5, ({2N}, {6N})], [4/5, ({3N}, {6N})], [6/5, ({4N, 7Y}, {5N, 8Y })]}.

Clearly, Nyor = 6/5. Then, according to Algorithm any pair of states
such that N,, = 6/5 can be chose to be merged. For instance, suppose that states
{IN},{4N,7Y} are merged. Therefore, the diagnoser G after the first merge of
states, depiced in Figure 1s computed.

Since there are mergeable states in GY, the while loop restarts, where M, and
MS(z,y) are computed for G.

In line 2, the set M, is computed, whose result is shown in the sequel.

Mpor ={({{1N}, {4N, 7Y }}, {3N}), ({{1N}, {4N, 7Y }}, {6N }),
({3N},{5N,8Y}), ({5N,8Y}, {6N})}.

In line 3, the MS(x,y) for each pair of mergeable states is computed, whose
results are shown in the sequel.

MS{{IN},{4N, 7Y 1}, {2N}) ={{{1N}, {4N, 7Y }}, {2N}},
MS({{1IN},{4N,7Y}},{6N,8Y}) ={{{1N},{4N,7Y}} ,{5N,8Y }},
MS({2N},{3N}) ={{2N}, {3N}},

MS({QN}w {5N7 8Y}) = {{{QN}’ {5N7 SY}}} )
MS({2N},{6N}) ={{2N},{6N}},
MS({3N},{6N}) ={{2N},{3N}{6N}}.

Then, the algorithm computes N, for each M S(x,y) obtained in previous step,
and adds the result for each pair (x,y) to list LN. G, has five states, then |X)| = 5.
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Figure 4.13: Merging of states {IN}, {4N, 7Y} and {5N,8Y} of G/, of Example .

Thus, when a pair is merged, Gy has four states, i.e., | X/| = 4. The list LN that

contains the results of N,, for each pair of states is presented in the sequel.

LN ={[1/4, ({{1N},{4N, 7Y }}, {2N})], [4/4, {{1N}, {4N, 7Y }}, {5N, 8Y })],
[2/4, ({2N}, {3N})], [1/4, ({2N}, {5N, 8Y })],
[2/4, ({2N},{6N})], [2/4, ({3N}, {6N})]}.

Since, Npaw = 4/4, then, pair of states {{IN},{4N,7Y}}, {{6N,8Y'}} is
merged, and diagnoser G'j, depiced in Figure 18 computed.

Continuing Algorithm it is verified that GY; still has mergeable states. Then,
the while loop continues, where My, and MS(x,y) are computed for G.

In line 2, the set M, is computed, whose result is shown in the sequel.

Mo :{({{1N}> {4N? 7Y}> {5N? 8Y}}> {BN})>
({{IN},{4N, 7Y },{5N,8Y}},{6N})}.

In line 3, the MS(x,y) for each pair of mergeable states is computed, whose

results are shown in the sequel.

MS({{1N}, {AN, 7Y}, {5N,8Y}}, {2N}) ={{{IN}, {4N, 7Y}, {5N,8Y}}, {2N}},
MS({2N}, {3N}) ={{2N},{3N}},
MS({2N},{6N}) ={{2N},{6N}},
MS({3N},{6N}) ={{2N}, {3N}{6N}}.

Then, the algorithm computes N, for each M S(x,y) obtained in previous step,
and adds the result for each pair (x,y) to list LN. G, has four states, then | X)| = 4.
Thus, when a pair is merged, G has three states, i.e., |X//| = 3. The list LN that
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contains the results of N, for each pair of states is presented in the sequel.

LN ={[0/3, {{1N},{4N, 7Y}, {5N,8Y }}, {2N})],

[1/3, ({2N }, {3N})],
[1/3, ({2N}, {6N})], [1/3, ({3N}, {6N D]}

Since, Npax = 1/3, then, any pair of states associated with this value of
N, can be merged. Let us suppose that states {3N},{6N} are merged. Since
MS({3N},{6N}) = {{2N},{3N}{6N}}, the three states {2N},{3N}{6N} are
merged.

Note that it is not possible to reduce Gy anymore, since ML = NULL. There-
fore, the reduced diagnoser G) is computed, and it is depicted in Figure[{.14]

C a,b,c,d,g,t

—[{IN}. (4N, 7V}, 5N, sV ]

c,tl la,g,t

[NE (3N V) b
Figure 4.14: Automaton G, of Example .

Since G, does not have indeterminate cycles, language L 1is diagnosable with
respect to P, and X¢, and its diagnosis delay is z = 3. Note that diagnosis delay of
original diagnoser G.;, depicted in Figure s also z = 3.

It is important to remark that if the reduction method proposed in [I] is used,
then the reduced automaton presented in Figure is obtained. Also, if the
reduction method proposed in [2] is used, then the reduced automaton presented in
Figure is obtained.

In diagnoser reduction we established that two contradictory states cannot be
merged, while in [I] and [2], two states with different control actions cannot be
merged, i.e., if an event o is disabled in state z and f(y,o)!, then z,y cannot be
merged. Thus, the algorithms proposed in [I] and [2] can be applied to diagnoser

reduction according to this adaptation.
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Figure 4.15: Automaton G, of Example computed using the method proposed
in [1].
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Figure 4.16: Automaton G, of Example computed using the method proposed
in [2].

Note that the reduced automaton obtained using our method has only three
states, while the reduced automaton computed using the method proposed in [2]
has four states. Although the reduced diagnoser obtained by method proposed in
[1] has three states, it is a nondeterministic diagnoser. This example shows that it is
possible, in some cases, to obtain reduced automata with smaller number of states
using the proposed strategy in this work than by using the strategy presented in [2],

and still obtain a deterministic diagnoser, differently from the method proposed in

1.
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Chapter 5
Conclusions and Future Works

Although it has been shown in the literature that the minimization problem of super-
visors is N P-hard, empirical results show that it is possible to reduce the diagnoser
proposed in [6]. With that in mind, our main goal of this work was to propose an
algorithm for the computation of a deterministic reduced diagnoser of DES, where
the diagnosability of the system language is preserved and diagnosis delay is the
same as the original diagnoser. We show that the algorithm proposed can lead to
reduced diagnosers with fewer states than methods proposed in the literature, most
notably the supervisor reduction strategies. This suggests the possibility of adapting
the method proposed in this work to solve the supervisory reduction problem.

The advantage of this method, and also its difference from the supervisor re-
duction strategies, is that the criterion to merge states does not depends on the
previous order of the states of the automaton model. This allows us to exploit all
possible merges for each state, which is the main reason why our method provides
better results than [I] and [2] in some cases.

Possible topics of research to continue this work are listed below:

(1) Verifying if the method proposed in this work achieves better results than

approaches proposed in [I] and [2], when applied to supervisors.

(77) It would be of interest to check if the method proposed here always computes

a diagnoser with minimal state size, maintaining the desired properties.

(77i) Another future direction is to investigate how to minimize the computational

cost of constructing the reduced diagnoser proposed in this work.

(iv) Application of diagnoser reduction algorithm to real manufacturing systems.
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